Dynamic Macro Scenario Analysis via
Bridge Sampling

Jin-Chuan Duan* and Yanqi Zhu'!
(First Draft: October 24, 2017; This version: June 21, 2020)

Abstract

Dynamic macroeconomic models should by design be amenable to sce-
nario analyses under some stated policy objectives or presumed stress en-
vironment. However, such analyses are difficult to conduct mainly due to
the technical complexity associated with partially conditioning on a future
scenario. In this paper, we devise a generic and efficient bridging sampling
method that is flexible with scenario setting while accommodating parameter
uncertainty. We demonstrate that models with comparable forecasting perfor-
mance can have very different implications under a policy scenario. Dynamic
scenario analysis thus provides a new angle for discriminating competing
models with a specific reference to real-world usage.
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1 Introduction

Scenario analysis in this paper refers to the study of the set of possible paths in
the probability sense leading towards a targeted or hypothetical event/scenario.
Since its introduction by Herman Kahn back in 1950s, scenario analysis has long
been a popular strategic planning technique and alternative approach to business
forecasting. According to an early survey of Linneman and Klein (1983), the use
of scenario analysis among Fortune 100 corporates had increased rapidly from
about 10% in 1974 to 50% by 1981. The topic itself also attracts continuous interest
and attention from academic researchers. In Huss (1988), the author presents a
comprehensive discussion on the weaknesses of conventional forecasting exercise
that can be potentially addressed by scenario analysis. For instance, instead of
providing confidence bands around a single view of the future which is typically
the case with conventional forecasting, scenario analysis can be applied to gen-
erate completely different but plausible future situations to enable contingency
planning and provide possible early warnings. Subsequent research in business
management literature has been devoted to refine the scenario construction and
prediction process, but mostly in qualitative sense.

Despite the various advantages scenario analysis has over conventional fore-
casting exercises, it does not receive as much attention as it deserves in macroe-
conomic studies, especially in policy analysis. Modern macroeconomic research
focuses on two mainstream applications in producing unconditional forecasts and
structural (shock) analysis. However, both applications have limitations on the
extent to which they can directly address policy issues, and naturally fail to meet
the needs of policymakers. Shock analysis through the study of impulse responses
delivers meaningful economic interpretation regarding model dynamics, which is
helpful in understanding the interrelationship among macro variables. In terms
of giving instructive policy guidance, however, it is of little practical use as shocks
are mostly unobserved and hard to quantify. From time to time, forecast is carried
out by policymakers to serve the interest of predicting the future, and a great
deal of effort has been devoted by researchers to improving economic forecasting
accuracy. However, it is of limited use to policy makers as their objective is to
shape the future, instead of merely knowing it.

As pointed out by Adolfson et al. (2007), for macro models to be used in
providing basis for policy decisions, their benefits have to be clearly demonstrated
in situations that policy advisors recognize. When policymakers initiate a new
policy, they have an objective in mind which may or may not be publicly stated.
For example, maintaining price stability is one of the most commonly recognized
macroeconomic objectives. It has been adopted by major developed economies
including the United States (since January 2012) and Japan (since January 2013).
To justify their 2% inflation target, central bankers need to be clearly informed
about its consequences. In other words, they look for an analysis which can
tell them what could happen or how an economy would look like when they
move from current state to the target scenario. It is here that scenario analysis
can play an important role in addressing directly the macro objective and in
providing a basis for subsequent decisions made. Furthermore, such analysis
also provides meaningful insights for non-policymakers like firms and general
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public, to help them interpret information and form expectations based on the
announced policy objective. After an objective has been set, there may be a set
of alternative adjustment tools to choose from. Conducting so called ‘policy
simulation’ is appealing to policymakers in understanding the pros and cons
of each tool, and scenario analysis provides a natural tool for doing so. In fact,
many forecasting exercises nowadays incorporate ‘off-model” information such as
assumption about future interest rate. To mention a few, the official reports from
U.S greenbook forecast, Riksbank and Bank of England all contain simulations
conditioned on either a constant future interest rate, or a rate path inferred from
market expectation. All these cannot be done with the usual shock analysis and
conventional forecasting exercise.

Stress testing is another good example to illustrate the importance of scenario
analysis. By testing the vulnerabilities of financial institutions under hypothetical
stressed scenarios, policymakers could be forewarned against potential risk and
take precautionary move to avoid undesirable consequences. Because of this,
stress testing has become a regulatory requirement for the banking industry in
the U.S. and some other jurisdictions after the global financial crisis in 2008.

Scenario study can be a powerful technique that facilitates policy analysis,
yet it is not widely applied in current macroeconomic studies. This is possibly
due to the reason that modern macroeconomic research relies extensively on
complex dynamic models but lacks of a generic and efficient algorithm that
can generate model-consistent scenario analysis results. Technically speaking,
such analysis requires the analyst to be able to simulate the economy while
respecting restrictions imposed on some endogenous observables at a future
time. Sampling of a dynamic model under a future scenario immediately faces
analytical intractability of the conditional distribution/density function of the
target model even for high-dimensional linear Gaussian systems, and becomes
particularly challenging with the added parameter uncertainty. This makes direct
sampling from the target conditional density a difficult task if not impossible.

A number of research articles have attempted to devise such sampling algo-
rithm, but all of them face some kinds of limitation. The literature is known as
conditional forecasting. Waggoner and Zha (1999) provides the earliest solution
for conditional forecasts under VAR models while considering parameter uncer-
tainty. According to Jarociriski (2010) and Baribura et al. (2015), this algorithm
is not computationally efficient, and can easily become impractical or infeasible
for high dimensional data. Subsequent research such as Baribura et al. (2015)
proposes the use of Kalman filter technique as a simulation smoother, and Maih
(2010) proposes an approach that can handle soft ending conditions. According to
Maih (2010), all Kalman filter based algorithms can only deal with hard ending
conditions, i.e, a fixed future value but not a set of values. All the available ap-
proaches share one commonality; that is, they rely on solving the exact conditional
distribution of a complex system in some analytical form. Their applicability is
thus restricted to linear Gaussian systems, and the derivation task is usually quite
involved and model-specific. In fact, until today, there exists no generic algorithm
that can be easily extended to non-linear and/or non-Gaussian models.



In this paper, we propose a generic and efficient sampling method for dynamic
scenario analyses. This method relies on the bridge sampling technique of Duan
and Zhang (2016), which is built on an explicit recognition that the sampling diffi-
culty does not reside with the joint distribution/density function of the system,
but rather with the complexity of the probability/density for the conditioning
event. However, the latter can be treated as an irrelevant norming constant
when an importance sampling scheme is deployed. The basic idea behind im-
portance sampling is that sampling from the target distribution is equivalent
to sampling from a different proposal distribution with the correct importance
weights. Such scheme in general consist of three steps: (1) drawing initial particles
from a proposal density, (2) assigning them the correct importance weights and
(3) resampling according to the weights.

In our scenario analysis context, each particle is a set of bridge paths for
observables and our target distribution is their conditional density given the
scenario-defined condition. The proposal density is associated with a generating
model that comprises two parts — (1) a convenient Gaussian bridge to approximate
the driving process defining the future scenario, say, inflation rate process, and (2)
a companying Gaussian system approximately describing the remainder (output,
employment, interest rate, etc.) conditional on the driving process. The generating
model can be easily sampled, and the final set of sample paths under the target
model and meeting the condition defined by the future scenario can be obtained
by closing the gap between the target and generating models sequentially with
a density-tempering technique without having to know the conditional proba-
bility /density of the defining scenario, i.e., an irrelevant norming constant. We
turther extend this method to a general state-space setting with latent variables
and account for parameter uncertainty by allowing for Bayesian updating on the
parameter values influenced by the occurrence of future scenario. It is also flexible
in accommodating both hard and soft ending conditions and can easily deal with
degenerate state-space models.

The flexibility of our bridge sampling method enables a scenario-based study
of different models. There has been continuous debate on the relative forecast-
ing performance between reduced-form econometric models like vector auto-
regression (VAR) and more theory-based structural models such as dynamic
stochastic general equilibrium models (DSGE). On the one hand, VAR models
especially unrestricted ones, are said to be most flexible in matching historical data
and hence should deliver more accurate forecast if the interrelationship among
model variables remain stable. On the other hand, DSGE models incorporate
forward looking behavior of economic agents and are said to provide more in-
terpretable and accurate prediction on shock responses if the decision-making
processes are modeled correctly. In Smets and Wouters (2007), the authors show
that their 14-variable DSGE model produces comparable marginal data likelihood
and forecast performance as a 4" order Bayesian VAR model and an unrestricted
VAR(1) model using seven U.S. macro data series (GDP, consumption, investment,
labor, wage, inflation and interest rate) from 1966:Q1 to 2004:Q4.

In our empirical analyses, we first re-examine the conventional forecast per-
formance of the three models using extended US data from 1966:Q1 to 2017:Q4.
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We find that the DSGE model continues its superior performance during the
Great Recession (December 2007 - June 2009) but loses out to the BVAR(4) model
in subsequent recovery/expansion period. After that, we perform a scenario-
based study of these three competing models, focusing on investigating how they
perform differently under inflation targeting and interest rate scenarios. Since
dynamic scenario analysis is much more demanding on the model dynamics, it is
conceivable that the outcomes of the three models will be different. Indeed, our
empirical results suggest that under the same inflation target, predicted paths
for the remaining six observables, computed at the end of the data sample, i.e.,
2017:Q4, vary across models. For example, the predicted growth rate of real wage
from the DSGE model is about twice of the rate predicted by the other two VAR
models throughout the four quarters in 2018.

In reaction to the bursting of the Dot-com bubble, the US Federal Reserve
lowered the policy rate 11 times in 2001 from 6% to around 2%. As expected, the
unconditional forecast under all three models fails to predict such drastic rate cuts,
and by extension also fails to forecast other macro variables. Conditional forecasts
of the three models based on the realized interest rate of 2.1% at the end of 2001,
however, perform quite differently. Both VAR(1) and BVAR(4) models produce
conditional forecasts on other macro variables matching closer to their actual
realizations. Surprisingly, the prediction from the DSGE model becomes even
worse with conditioning on the realized interest rate, supporting our contention
that scenario analysis may serve as a powerful way of discriminating competing
models.

2 Macroeconomic models and scenario analysis

Dynamic macroeconomic models are generally classified as reduced-form econo-
metric models, like VAR, or structural models such as DSGE. Both VAR and
DSGE models have been widely used to perform forecasting and structural analy-
sis. There are a number of papers addressing the differences between these two
approaches, and comparing their unconditional forecasting performance. The
general conclusion is that forecasts from DSGE models are not more accurate
than times series models, but neither are they any worse. Wickens (2014) argues
that this is due to the dynamic structure in the solution of DSGE models. Their
backward-looking dynamics gives them a forecasting performance similar to time
series models and their forward-looking dynamics, which consists of expected
value of future endogenous variables, is difficult to forecast accurately.

Dynamic scenario analysis is much more demanding on the model dynamics.
Hence, whether the conclusion for conventional forecast performance can still
hold under scenario analysis is an interesting question. In contrast with the large
literature on conventional forecast studies, little attention has been paid to macro
scenario analyses due to the technical complexity of sampling conditional bridge
paths. For a simple process like AR(1) with Gaussian innovations, the exact bridge
distribution can be easily derived. But with a larger-dimensional VAR or the DSGE
model, the exact solution may become analytically messy. If the model in question
is nonlinear or non-Gaussian, the exact solution becomes analytically intractable.
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Hence, developing a versatile, easy-to-implement and reliable bridge-sampling
method will be critical to dynamic macro scenario analyses.

In this section, we first describe the general econometric framework for both
VAR and DSGE models. Then we show how they can be cast into the linear
state-space form comprising (1) a VAR(1) process driving the state variables
and (2) a measurement equation linking the state variables to the observable
measures. After that, we present our bridge sampling method under the state-
space setting. To facilitate our discussion, we use inflation targeting as an example
of conditioning scenario, and illustrate our algorithm based on the state-space
representation of the VAR(1) model in Smets and Wouters (2007). Subsequently,
we highlight the robustness of our method in dealing with soft conditions and
degenerate state-space models such as the DSGE model of Smets and Wouters
(2007). Finally, we make comparison to an alternative method, i.e., rejection
sampling, when it is possible.

2.1 VAR, DSGE and their linear state-space representation

A general n-dimensional VAR(p) model is of the form:

p
yi=A+) By, +e 1)
=1

e; NN(O, Ze)

where y: = (Y1, Y24t - -, Ynt) denotes the vector of observations at time t. A is
the constant term if any. B;, | = 1,2, ..., p are the autoregressive matrices, each
with a dimension n x 1, and the residual e; follows a white noise process with
mean 0 and covariance matrix X°.

Since the publication of Sims (1980), VAR models have been widely used to
provide empirical benchmark for structural models, in both forecasting exercise
and structural analysis. However, as pointed out by Baribura et al. (2015) and
many other papers, the availability of huge data sets nowadays raises a trade-off
between the excessive simplicity of the models, leading to mis-specification due to
omitted variables, and their excessive complexity, with many free parameters lead-
ing to a large estimation uncertainty. To be specific, in the above n-dimensional
VAR(p) model, without any restrictions on the parameters, we haven x (n x p+1
parameters from vector A and autoregressive matrices B;,I = 1,2,...,p, and
M parameters from covariance matrix X to be estimated. This leads to un-
reliable estimation and inference if either the dimension or the order of lags is
large comparing to the data length. This is commonly referred to as the "curse of
dimensionality” for VAR models. To mitigate this problem, the Bayesian approach
has been introduced to combine information from the data and some prior belief
on model parameters. It results in the estimates shrinking towards their prior
expectations, which usually come from economic theories or previous empirical
results.

(B)VAR models can be straightforwardly converted to state-space formulation.
For first order (B)VAR models, the auto-regressive process itself provides the state
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transition equation. And the state variables is identical to the observables because
there is no latency in the system. That is:

St =A —+ Blst_1 + e;
Yt =S¢ )
é; NN(O, Ze).

For a general p-th order (B)VAR model given in (1), we first write the model into
VAR(1) form:

[B1 By ... ... B, ]
i Al ro o [v1] e
Yi—1 0 .. ) ) 0
e e L N A e 3)
Jtp+l 0...0 1 o]
By denoting:
[B1 B ... ... B,
yt 4 10 ..... 0 e
_ _ 0 8 : 0
St = yt. ! s A= ’ B = 0 s ét: ’
Jop+l 0...0 I 0]

the state-space representation for a n-dimensional (B)VAR(p) model can be written
as:

St :A + Bst—l + é;

yt:[I 0 ... O]St

o0 ... 0
00 ... 0
é ~N |0, .
00 ... 0

In the above, I is the n-dimensional identity matrix. Note that for the linear state-
space model converted from a (B)VAR process, it is always degenerate due to the
absence of measurement error. In other words, the state variable s; contains no
more information than y;, and its lags is converted from a higher-order (B)VAR.

Both VAR and BVAR models are unavoidably subject to "Lucas critique’, which
argues that such econometric models should not be used for structural analysis as
it has no economic theory behind, and past data cannot be representative of future
reactions to new shocks. Such criticism motivated the development of structural
models with micro foundations. DSGE is one of them, and it has become a very
popular approach in macro analysis. In particular, the DSGE model developed
by Smets and Wouters (2007), which was originally used to explain US macro
fluctuation, has become the benchmark model for many subsequent structural
analyses.



There are a few ways to solve DSGE models, one commonly used approach
involves log-linearization of the model and rewrite it into the canonical linear
rational expectation form:

Gost =G1si—1 + D1 + Q2 + oy
21 ~N(0,E7).

where s; denotes the state variables, which includes all endogenous variables
and artificial variables that are necessary to make the linearized model a VAR(1)
representation. z; denotes the exogenous variables (shocks) with mean zero and
covariance X%, and #; is endogenously determined one-step-ahead expectation
errors. Solving the model according to Sims (2002) gives rise to the following
solution:

St :Gst_l + D + ta (4)
z; ~N(0,%7)

with matrix G and Q) being functions of the original structural parameters to
provide identification. As seen from the above equation, the dynamic of the DSGE
model is essentially a VAR(1) process with latency. The observable measures are
linked to state variables s; through a measurement equation:

Yy =F + Ms; + v; ®)
(7 NN(O, Zv)

where F is the constant term, M is the selection matrix and v; represents the
measurement error if any. The forms of parameter matrices and vectors are
specific to a DSGE model such as Smets and Wouters (2007).

2.2 Inflation targeting — an example

Price stability is the most well-recognized policy objective around the world with
more than 28 countries adopting an explicit inflation target. Here we take the 2%
annual inflation target set by the US as an example, and demonstrate the idea of
our bridge sampling method based on the VAR(1) model of Smets and Wouters
(2007). Implementation details for general state-space models are provided in
Appendix A.

The state-space representation of the VAR(1) model of Smets and Wouters
(2007) is given by equations in (2), with y; being the seven-dimensional observable

variable:
dIGDP;

dICONS;
dIINV;
dIWAG; 6)
IHOURS;
dIP;
| FEDFUNDS; |

where | and Id stand for 100 times log and log difference, respectively. dIP;,
IHOURS; and FEDFUNDS; correspond to the inflation, labor input and the

Yt
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federal funds rate. Inflation is calculated as the log difference of the GDP de-
flator and labor input is measured by log hours worked (demeaned). dIGDPF;,
dICONS;, dIINV; and dIWAG; denote the log differences in output, consumption,
investment and wage. All observed series are in quarterly frequency.

Suppose at time T, we are interested to know how the US economy would
look like conditional on achieving its annual inflation target of 2%. Given the
data frequency and definition in Smets and Wouters (2007), 2% annual inflation
is equivalent to ZtT:’LT‘L 1 dlPr = 2. Hence we want to simulate the model by
generating sample bridge paths subject to that condition. In order to make use
of the notations and formulas in Appendix A, we cast the VAR(1) model in our
general state-space formulation in equations (7)-(8) withC = A, B =B, Q =1,
€ =e;, X° =X% u=0,M = I, and zero measurement error.

Our bridge-sampling method relies on that of Duan and Zhang (2016), where
the key is to use the Sequential Monte Carlo (SMC) method. SMC refines upon
an importance sampling algorithm by tempering the importance weights in a
sequential manner. This is to mitigate the sample impoverishment issue caused
by uneven weights. Furthermore, to reduce duplicated particles after resampling,
a support boosting step is implemented to restore sample diversity. Our method
adapts that of Duan and Zhang (2016) to a general state-space setting and adds
parameter uncertainty that is expected in real-world applications. Parameter
uncertainty is handled by augmenting the space describing the bridge paths of
observables with the model parameter space. To adapt the method to a general
state-space setting, we further extend the space to include paths for unobserved
state variables because they form part of the information set needed for advancing
the model forward. Notice that by the transition equation, the state variables and
its innovation terms are equally informative once the previous state is known.
Hence in the augmented system, we can substitute the paths for unobserved
states by the paths for its innovation term plus the initial state at T. We show in
Appendix A.5 that this substitution makes it more convenient in dealing with
degenerate models. In summary, our complete augmented space includes (1) the
bridge paths for the observable variables, (2) the model parameters, (3) the initial
state variables at T, and (4) the paths for shocks from T 4 1 onward.

Algorithmically, we start with an initialization sampler that is associated with
a ‘wrong’ approximating model but easy to sample from. In our VAR(1) example,
the initialization for model parameters comes from the frequentist asymptotic
distribution. And the initial state st simply equals to yr. As for the bridge paths
for the observables and shocks, their initialization consists of two steps. In the
tirst step, we assume that the conditioning variable, which is dIP; in our inflation
targeting example, follows a Gaussian AR(1) process while knowing it is untrue.
Then the bridge distribution conditional on the scenario ijﬁ 1 dlPt = 2% can
be analytically derived.! In the second step, the paths for the remaining six
macro variables can be sampled with a companion system obtained by a simple
decomposition given by equations (12)-(14) in Appendix A.1 while the paths for
shocks are sampled according to equations (15)-(16).

IThe derivation is similar to how we derive equation (11) in Appendix A.1. The analytical
formula is available upon request.



Following the idea of importance sampling, the points from our initialization
sampler are legitimate when coupled with the correct importance weights, which
is the ratio of their density under the target model over that under the initialization
sampler. (See equation (21) in Appendix A.2) These two densities can be evaluated
with equations (9) and (20). The key to the method is to recognize that the last term
in the target density formula, i.e., the probability of hitting the inflation target,
is actually an irrelevant constant as far as importance sampling is concerned.
Moreover, the density of the initial state also disappears from the likelihood ratio
through cancellation.

The importance weights are likely to be uneven across the sampled points
due to the difference between the target model and the generator. Therefore,
density tempering the likelihood ratio in a sequential manner will be needed, and
resampling at each intermediate stage must also be conducted to even out the
importance weights so as to prevent sample impoverishment. The tempering se-
quence is chosen adaptively to ensure a certain variety of points being resampled.
After each resampling step, one also needs to boost the empirical support through
performing the Metropolis-Hastings (MH) moves to restore sample diversity.
Implementation details for density tempering and support boosting are provided
in Appendix A.2-A.3.

It is worth noting that the above bridge-sampling method can be easily im-
plemented if the parameter is treated as known, for example, the typical practice
of deploying the point estimate for the parameter. Algorithmically, one simply
skips the step of sampling parameter in both initialization and support boosting.
The likelihood ratio formula becomes even simpler, with the densities of model
parameters dropped out and all other terms evaluated at the fixed parameter
value.

While simulating the economy under this 2% inflation target, some may take
a shortcut by assuming a constant path for inflation. However, as criticised by
Waggoner and Zha (1999), that means the conditioning variable is assumed to
stop responding to the state of the economy and become exogenous at each and
every forecast date, which may violate the dynamic of the given model. Moreover,
policy objectives are rarely specified as a fixed path, instead, they are usually given
as a target level or range over a particular time period. For instance, according
to the Bank of England, a target of 2% does not mean that inflation will be held
at this rate constantly. That would be neither possible nor desirable. Instead, the
Monetary Policy Committee’s aim is to set interest rates so that inflation can be
brought back to target within a reasonable time period, say one year, without
creating undue instability in the economy. Note that our method only restricts
the annual inflation to be 2% while allowing the paths in-between to be flexible
while respecting the model dynamics. Therefore, we are able to address policy
objectives in a more natural and logically consistent way that better mimics the
reality.



2.3 Dealing with soft conditions and degenerate linear state space
models

In real-life applications, many policy objectives or stressed scenarios are specified
as a range or interval instead of a single value. One recent example is that India
announced their inflation target to be 4% with a tolerance interval of +2% for
the next five years until 2021. This type of range scenario is defined as soft
condition in Waggoner and Zha (1999). The simulation algorithm proposed in
their paper that deals with soft conditions is essentially a simple rejection method
with some variance reduction technique. It is highly inefficient as it generates
many unsatisfactory paths that are rejected eventually.

In contrast, our bridge-sampling method is flexible and can accommodate soft
conditions with just one additional sampling step. Recall that in the initialization,
we need to draw bridge paths for the conditioning variable, i.e. dIP; in this
example, based on its estimated AR(1) process. The bridge process depends on
the value of the scenario constraint’s expression, which in this case is the sum of
quarterly inflation in the subsequent four periods. In the case of hard condition
discussed above, 22}4 1 dlPt = 2% is the only permissible value. With a targeted
range of 4 + 2% as in the case of India, it implies ZtT:JFT‘L L, dIP; € 2%, 6%)]. Before
drawing the bridge paths for inflation, one simply samples the sum Y] = ' dlPy
according to a truncated normal distribution defined by the target range.

Degeneracy typically requires more care due to the presence of the Dirac delta
function in the density formula. However we show in Appendix A.5 that this
does not cause any numerical difficulty to our bridge sampling method. There are
two types of degeneracy that could arise in the general state-space formulation
in equations (7)-(8). One is caused by zero measurement error, i.e., observable
y; is deterministic given s;. This is always the case for (B)VAR models because
they assume no latent states. The other type of degeneracy is associated with
dimension mismatch between the state variable s; and the its driving shocks, €; ;.
This is quite common in state-space representations converted from DSGE models
including Smets and Wouters (2007). This model has 14 endogenous variables
driving by seven exogenous shocks. To express it as an autoregressive process of
order one, we need to translate it into a 50-state variable VAR(1) transition system
with the innovation €, ¢ being seven-dimensional. In addition, the DSGE of Smets
and Wouters (2007) assumes no measurement error. Thus it contains both types
of degeneracy, and we use it to illustrate in details how to deal with degeneracy
in Appendix A.5.

24 Rejection Sampling

Rejection sampling is an alternative approach to scenario analysis when the
scenario is defined by a soft ending condition, and hence can be used to provide
a quality check on our bridge sampling method. When there is no parameter
uncertainty and no latent state, it is easily implemented by simulating the model
forward in the unconditional manner and reject those paths that fail to meet
the scenario condition. However, when the conditioning band is narrow, this
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rejection method will become highly inefficient as it generates many unsatisfactory
paths that are rejected. If the conditioning band contains a single point, i.e., hard
conditions, rejection sampling will be infeasible as the probability of hitting a fixed
ending point is essentially zero. Furthermore, with parameter uncertainty and
under state-space setting, rejection sampling becomes much more complicated. It
involves drawing model parameters from the conditional distribution given the
scenario condition. And when initial state is not fixed, it also requires sampling
st from the smoothed distribution conditional on historical observations, scenario
condition and drawn parameter values.

3 Applications

In this section, we demonstrate how dynamic scenario analysis can provide in-
sights for policy makers under a well-recognized macro objective. The analysis is
applied to three models: the unrestricted VAR(1), BVAR(4) and DSGE models from
Smets and Wouters (2007). We show that models with comparable forecasting
power can provide qualitatively different inferences under the same conditioning
scenario. We also provide performance comparison of the three models on sce-
nario analysis versus unconditional forecast, as well as statistical properties using
root mean squared error (RMSE) over various time spans.

3.1 Data, estimation and quality check

Our dataset consists of the same seven U.S. macro variables as in Smets and
Wouters (2007), which include: log difference of output, consumption, investment
and wage, log hours worked (demeaned), inflation and federal funds rate. All
series are in quarterly frequency and extended to cover the period from 1966:Q1
to 2017:Q4. For detailed data definition, construction and sources of data, one
may refer to Herbst and Schorfheide (2015).

The estimation for the unrestricted VAR(1) and BVAR(4) follows that of Smets
and Wouters (2007) exactly, whereas for the DSGE model we adopt the Sequential
Monte Carlo approach proposed by Herbst and Schorfheide (2014).! The DSGE
model estimation results are presented in Appendix B, and we compare them with
the posterior distribution documented in Smets and Wouters (2007) which used
data before 2005. We find that the standard errors for risk premium, exogenous
spending, investment, and monetary policy shocks are lower than the estimates
using data before 2005, whereas that for wage mark-up shock is substantially
higher. In addition, the productivity, risk premium and investment shocks are
more persistent than before. As for the structural parameters, the cost of capital
adjustment falls but the cost of capital utilization adjustment cost rises. There is
less habit formation after 2005, and the degree of both price and wage stickiness
increases. Furthermore, the steady state growth rate is lower than before.

For prior implementation for the BVAR model, linearized DSGE model equations and prior
distributions, see Smets and Wouters (2007).
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Before demonstrating the use of our bridge sampling method on a real policy
scenario, we first ascertain the quality of the technique by comparing it with
rejection sampling. To avoid the complexity in dealing with parameter uncertainty
in the rejection method, our quality check is performed with fixed parameter
values. For the DSGE model, we also assume the initial state is fixed by using the
mean value of the filtering distribution. We apply both sampling methods to the
scenario that requires the inflation in 2018 to be within the range between 5% and
5.5%. It is worth noting that more than 99% of the generated paths under rejection
sampling were tossed away because they failed to meet the scenario condition.
Figures 5 and 6 in Appendix C present the quantile-to-quantile (QQ) plots of the
two empirical distributions (bridge sampling vs simple rejection sampling) from
the VAR(1) and DSGE models, based on 10,000 paths. We show the results for
all seven observables at three different future time points. The results reveal that
the paths drawn from the bridge sampler match well with those generated by
the rejection sampler. To conserve space, we omit the QQ-plots for the BVAR(4)
model.

3.2 Application on inflation targeting

Inflation targeting is a monetary policy framework pioneered in New Zealand in
1990, with currently more than 28 countries adopting it. In order to ensure central
banks” accountability, policy authorities establish explicit quantitative inflation
targets for a specific period ahead. As an illustration, using the models estimated
in section 3.1, we perform scenario analysis to see how the US economy evolves
under the condition that inflation in 2018 hitting the 2% official target. We present
in Figure 1 the empirical results from all three models in one combined graph for
easy comparison.

The upper panel of Figure 1 plots the predicted paths for the seven observables
over 2018. It suggests that even under the same annual inflation rate target,
predicted trends on major economic indicators vary across models. In general, the
BVAR model is the most conservative in predicting growth while the DSGE is the
most optimistic except for investment. For instance, both the VAR(1) and DSGE
models predict higher GDP growth than the BVAR model, with the predicted rate
from the DSGE model being nearly twice of that from the BVAR model . Similarly
for the cumulative growth of real wage, the predicted rate from the DSGE model
is also about twice of those from the two VAR models. Furthermore, its predicted
path falls out of the 80% confidence band of the VAR(1) model starting from the
third quarter of 2018. As for the monetary policy, the DSGE model suggests that
the US Federal Reserve under the 2% inflation target would need to raise the
annualized federal funds rate to 2.7% by the end of 2018, while both the VAR(1)
and BVAR(4) models suggest a less aggressive move. Note that the federal funds
rates in the figure are quarterly rates.

The differences are more evident when we generate the 5-year simulation
conditional on the first year’s inflation rate hitting the 2% target. Panel (b) of
Figure 1 shows that even the very small differences in the predicted investment
growth in 2018 leads to considerable differences on the investment growth over
a five-year horizon. The discrepancies in predicted labor input and real wage
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(b) 5-year simulation while targeting the first year’s inflation at 2%

Figure 1: Scenario analysis with an inflation target

The graph is based on N = 10,000 bridge sample paths generated for each model. The red solid
line with circles represents the mean paths for the VAR(1) model, with the orange shaded areas
represent 10 to 90 percentile of the conditional distribution of the VAR(1) model. The green line
with triangles and blue line with crosses represent the mean paths for the BVAR(4) and DSGE
models, respectively. All growth rates are cumulative in both Panels (a) and (b). The labor input is
log hours worked (demeaned), and the federal funds rate is a quarterly rate.

growth among the three models are more significant with the wage growth
predicted by the DSGE model to surge above the 90 percentile of the distribution
based on the VAR(1) model.
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3.3 Dynamic scenario analysis vs forecast performance

Policy authorities usually have valuable ‘off-model” information such as knowl-
edge about future policy target rate. Forecast conditioned on such ‘insider” in-
formation is supposed to improve forecast accuracy if the model correctly char-
acterizes the relationship of the conditioning and other model variables. In this
subsection, we present a case study where the actual implemented federal funds
target rate is far away from the level predicted by the unconditional forecast. We
examine how a scenario analysis would have provided different insights on the
forecast of the economy in contrast with the unconditional analysis.
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(a) VAR(1) model
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(b) BVAR(4) model
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(c) DSGE model

Figure 2: Scenario analysis vs unconditional forecast

The black solid line with asterisks represents the realized data. The red line with circle show
the mean paths from unconditional forecast, with the orange shaded area represents 10 to 90
percentile of the unconditional prediction distribution of the respective model. The blue line with
triangle represents the mean paths generated under scenario analysis.

With the bursting of the Dot-com bubble, the slowdown of the US economy
in late 2000 became apparent and intensified in the first half of 2001. To fight the
recession, the US Federal Reserve lowered the policy rate 11 times in 2001 from
higher than 6% to around 2%. It is almost certain that conventional unconditional
forecast will fail to predict such drastic and intensive rate cut due to the high
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interest rate persistence estimated from historical data. This is confirmed with
Figure 2 above, which shows all three models predicting a much gentler rate
decline to around 5.2-6% at the end of 2001. This leads to unreliable forecast
for other variables as well. By looking at the results of unconditional forecast,
we see that the DSGE model of Smets and Wouters (2007) delivers comparable
out-of-sample forecast with the two VAR models, which is consistent with the
statistical evidence provided in Smets and Wouters (2007). But overall, all three
models perform poorly with the realized paths for output, consumption and
investment barely touch the 10 percentile bound of the unconditional forecast.

In such circumstances, scenario analysis provides more valuable information
and addresses policy makers’ needs directly. It allows policy makers to (1) incor-
porate advanced information on future rates to produce more informative forecast
result and (2) experiment with different scenarios to identify the optimal strategy.
As an illustration, we perform a scenario analysis constrained by the interest rate
hitting the realized 2.1% at the end of 2001, and the result is also presented in
Figure 2. As one can expect, the predictions from scenario analysis for the VAR
and BVAR models match closer with the actual data. Surprisingly however, the
predictions for GDP and consumption from the DSGE model become even worse
after conditioning on the realized interest rate. This lends further support to our
argument that the (B)VAR and DSGE models provide considerably different pre-
dictions under the same conditioning scenario. Therefore, comparable forecasting
performance does not necessarily imply similar scenario analysis results.

3.4 Scenario-induced impact on parameter uncertainty

In real-life applications, the belief on model parameters is continuously updated
upon the arrival of new information. Therefore, the occurrence of a future scenario
should cause a revision to parameter estimates in order to stay consistent with the
contemplated scenario, a point already made by Waggoner and Zha (1999). Hence,
the conditional forecast for variables of interest, especially when the conditioning
variables take on extreme values, should also reflect the change in the parameter
distribution caused by the scenario. Our bridge sampling method has naturally
incorporated a scenario’s impact on parameter uncertainty.

To appreciate the effect of ignoring a scenario’s impact on parameter values,
we compare the scenario-impacted sampling distribution with the one derived
from the data sample for the VAR(1) and DSGE models using data up to the end
of 2000, treating it as the time point for conducting the scenario analysis. In order
to see a clearer effect on parameter uncertainty, we generate conditional paths
over the year 2001, with a more extreme artificial scenario that the federal funds
rate drops to 0% at the end of 2001. Figure 3 below demonstrates the effect on
some model parameters for the VAR(1) and DSGE models. The left panel shows a
rightward shift on the scenario-impacted sampling distribution for the standard
deviation of the innovation term associated with the interest rate equation in
the VAR(1) model, whereas the original one is the asymptotic distribution for
the OLS estimate with data up to the end of 2000. And the right panel also
suggests a scenario-induced rightward shift on the estimate for the standard error
of monetary policy shock parameter, i.e., 0;, in the DSGE model of Smets and
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Wouters (2007), where the original distribution is its Bayesian posterior up to the
end of 2000.

0.18 0.2 0.22 0.24 0.26 0.28 0.2 0.22 0.24 0.26 0.28 0.3 0.32

(a) VAR(1) parameter (b) DSGE parameter

Figure 3: Effects on parameter estimates

Panel (a) shows the distribution of the standard deviation of the interest rate innovation term in the
VAR(1) model, whereas panel (b) displays the distribution of the parameter ¢, in the DSGE model
of Smets and Wouters (2007). The red dashed line represent respectively the OLS estimator’s
asymptotic distribution for the VAR(1) model and the posterior distribution for the DSGE model
using data up to 2000:Q4. The blue curves are the scenario-induced sampling distributions after
factoring in the conditioning future scenario for the federal funds rate to hit zero at the end of 2001.
Except for the asymptotic normal distribution for the OLS estimator, the other three distributions
are kernel density functions using their respective SMC samples.

3.5 Statistical evidence on scenario-based performance analysis

Before we discuss the scenario-based performance of the three models, we docu-
ment their unconditional forecast performance. Smets and Wouters (2007) con-
cludes that the DSGE model is superior than the other two VAR models in terms
of out-of-sample forecast by showing the root-mean-square-error (RMSE) over
the period 1990:Q1 - 2004:Q4. Note that the earlier period of data from 1966:Q1
to 1989:Q4 was used for initial estimation of the models. We re-examine this
conclusion by focusing on the out-of-sample period from 2005:Q1 to 2017:Q4
while using the 1966:Q1 - 2004:Q4 period for initial estimation of the models. The
out-of-sample performance results are presented in Appendix D. It worth men-
tioning that following Smets and Wouters (2007), forecast errors are calculated
in terms of GDP, consumption, investment and wage levels instead of quarterly
growth rate when comparing their forecast performance. We note from Table
8 that in the recent decade, the BVAR(4) model has overtaken the DSGE model
to become the best predicting model for GDP, labor input, inflation and interest
rate at most forecast horizons. The DSGE model, which used to deliver the best
prediction for all variables, now only performs better in forecasting consumption.

To further investigate which sub-period causes the deteriorated performance
of the DSGE model, we divide the forecast period into two sub-periods. According
to the NBER Business Cycle Dating Committee, the last expansion (after Global
Financial Crisis) began in June 2009. Hence we use 2009:Q2 as a natural break
point, and present the forecast performance before that in Table 9, and after
that in Table 10 in Appendix D. Hardly surprising, the prediction errors are
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much larger for the period before 2009:Q2 as it contains the Great Recession
period during which economic indicators are highly volatile and hard to predict.
It is interesting to note that the DSGE model continued its good performance
during the crisis time, but lose out to the BVAR model almost completely in the
subsequent expansion period.

In order to study the scenario-based performance of a model, we can run the
same back-testing exercise with scenario constraints. In other words, we perform
a sequence of scenario analyses with expanding data windows over some forecast
period. In Table 1, we perform back-testing conditional on the realized federal
funds rate, for the three models over the period 2005:Q1 - 2017:Q4. Again, the
performance on individual variables is measured by root mean squared error
(RMSE). We also compare this result to that of unconditional forecast given in
Table 8, with the percentage gains or losses in RMSE presented in Table 2. Note
that a higher (positive) gain corresponds to a lower RMSE for scenario analysis as
compared to unconditional forecast.

Table 1: Back testing on scenario analysis using realized federal funds rates
(2005:Q1 - 2017:Q4)

Forecast Overall
horizon GDP CONS INV Wage I[Hours dIP Average (SW)*

VAR(1)
1q 063 077 183 1.07 050 025 0.84 -6.89
29 131 147 421 116 111 024 158 -2.93

4q 276 273 925 134 230 0.23 3.10 1.20
8q 550 500 1793 1.87 418 0.23 5.78 5.59

BVAR(4)
1q 063 067 190 111 052 024 085 -6.93
2¢ 119 129 390 124 1.05 024 149 2.78
4q 246 241 835 149 211 023 284 1.49
8q 493 462 1660 211 387 023 540 6.11
DSGE
g 070 062 177 110 065 024 085 -6.82
2q 137 121 364 125 130 028 151 233

4q 280 218 772  1.69 252 031 2.87 1.46
8q 527  3.77 1443 286 453 037 5.21 4.53

Notes: The data starts in 1966:Q1 and the forecast period is 2005:Q1-2017:Q4 with all models
being reestimated each quarter with an expanding data window. The overall measure is
calculated as the log determinant of the uncentered forecast error covariance matrix as in Smets
and Wouters (2007). Boldfaced numbers in red indicate best performance among the three models.

The result shows that our scenario analysis, utilizing future realized federal
funds rates, generates more accurate predictions than unconditional forecast for
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Table 2: Percentage gains(+) or losses(-) relative to unconditional forecast perfor-
mance

Forecast
horizon GDP CONS INV Wage I[Hours dIP  Average

VAR(1)
1q -019 -361 -351 -0.72 -11.59 178  -2.96
2q 057 -123 -2.86 -216 -805 047  -2.51
4q 509 280 234 -061 272 1577 286
8q 683 519 553 -0.74 900 358  6.10

BVAR(4)
1q 171 135 -1.87 -023 -607 016  -0.94
2q 353 171 022 -1.63 -279 -036 028
4q 443 132 18 -1.04 356 1334 229
8q 304 -071 182 -1.78 598 2813 221

DSGE
1q 230 -0.57 1.34 0.13 4.87 1.26 1.45
2q 441 -256 554 044 8.05 -1.89 3.83
4q 540 -8.75 991 458 10.18 -16.53 6.30
8q 6.97 -22.68 1698 1350 950  -43.08 9.97

Notes: Boldfaced numbers in red indicate worse performance than unconditional forecast.

most variables in the three models, especially at longer horizons. This implies
that all the models more or less reflect the true dynamics among most model
variables, at least in qualitative sense. More specifically, when conditioning on the
realized interest rate, the two VAR models provides substantially better forecast
on inflation. However, their predictions for real wage seem to be worse than in the
unconditional case. This suggests that these two models capture the comovement
between interest rate and inflation quite well while missing out on the relationship
between interest rate and wage. The DSGE model, in contrast, produces better
forecast for wage under scenario analysis but its prediction for inflation is further
away from the realized data when compared with the unconditional case. In
addition, conditioning on interest rate also leads to deteriorated forecast for
consumption, which suggests mis-specification in some aspect of the underlying
dynamics. Finally, its forecast for GDP, investment and labor input all exhibit
gains to various extents.

By comparing across the three models, we note that the improvements under
scenario analysis are more significant for the DSGE model in forecasting GDP,
investment, wage and hours worked. This suggests that the DSGE characterizes
the comovements between interest rate and these four variables better than the
other two models. Recall that in unconditional forecast, the BVAR model performs
better than the DSGE model in predicting these four variables. This may be due
to the DSGE's unsatisfactory forecast on the interest rate, as can be seen in Table 8.
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When federal funds rate is controlled, performance of the DSGE model improves
the most and becomes the best model in predicting investment over all horizons.
Hence, good unconditional forecast performance does not necessarily imply
a superior scenario analysis result. Comparison on the wage forecast provides
further support on this argument. Despite the fact that the VAR(1) model provides
the best unconditional forecast on wage and continues to be the best performing
model on this variable under the scenario constraint (see Table 1), its prediction
performance worsens when conditioning on the realized interest rate as reflected
in Table 2. In contrast, the DSGE model gains the most on wage forecast under
scenario analysis (see Table 2), but its prediction performance is still dominated
by the other two models.

3.6 Subsample scenario analyses

To further understand the relative performance of the three models under different
economic circumstances, we conduct the same back-testing exercise with four
subsamples characterized by interest rate movement. Specifically, for each h-
period ahead scenario analyses (h = 1,2,4 and 8) over 2005:Q1 to 2017:Q4, we
calculate the magnitude of interest rate change at each starting time t as |Ai; | =
ity — it|, and partition the forecasting sequence into four groups depending on
whether |Ai; ;| falls within 25, 50 or 75 percentile of the sequence {|Ai; |, t =
2005:Q1, - - - ,2017:Q4-h}. In other words, we are interested to know whether the
models” performance is tied to the interest rate environment characterized by the
magnitude of interest rate move over the forecast horizon. Tables 3-6 present the
results for each subsample with Group 1 having the smallest interest rate change
and Group 4 the largest. Boldfaced numbers in red indicate the best performer
among the three models.

The results from Tables 3-6 suggest that during normal times when interest
rates are relatively stable, the BVAR(4) is the best model in predicting GDP,
investment and labor input conditional on realized interest rate, while the VAR(1)
model provides the best forecast in wage and inflation and the DSGE model in
consumption. However, as interest rates become more volatile, or in other words,
there is large rate change over the forecast horizon, the DSGE model surpass
the BVAR model for GDP and investment. For the ease of comparison, Figure 4
summarizes the results with the fill pattern in each cell indicating the best model
(with the smallest RMSE) under scenario analysis with realized interest rates for
different groups, forecast horizons, and variables of interest.
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Best model for scenario analysis with realized interest rate
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Figure 4: Back testing in scenario analysis for interest rate groups

Table 3: Back testing on scenario analysis — Group 1 (bottom quartile in interest
rate movement)

Forecast Overall
horizon GDP CONS INV Wage [Hours dIP Average (SW)*

VAR(1)
1q 049 050 139 110 038 033  0.70 -8.76
2g 092 085 203 114 043 024 093 -8.15
40 192 195 550 133 169 022 210 -4.96
8q 505 458 710 197 275 018 3.6l -1.39
BVAR(4)
1q 043 037 140 121 043 033 070 -8.77
29 072 062 184 118 042 027 0.84 -7.90
40 134 125 386 173 129 024 162 -4.28
8q 409 376 490 275 233 021 3.01 -0.52
DSGE
19 051 037 148 112 058 029 0.72 -8.10
29 110 056 194 119 055 027 093 -9.19
4 223 157 421 146 211 035 199 -4.04
8q 525 329 699 280 381 041 376 -2.83
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Table 4: Back testing on scenario analysis — Group 2 (2nd quartile in interest rate

movement)

Forecast Overall
horizon GDP CONS INV Wage [Hours dIP Average (SW)*
VAR(1)
1q 045 030 082 1.16 043 024 0.57 -10.65
2q 089 1.01 251 1.32 112 0.21 1.18 -6.29
4q 245 216 341 1.50 110 0.16 1.80 -4.38
8q 423 331 785 1.64 230 027 327 -2.40
BVAR(4)
1q 042 037 084 1.26 039 0.22 0.58 -10.22
2q 0.72 0.81 191 1.58 0.98 0.21 1.04 -6.61
4q 206 175 316 1.64 098 0.16 1.62 -3.88
8q 345 237 657 1.64 1.82  0.28 2.69 -1.65
DSGE
1q 065 035 081 127 056 0.23 0.64 -11.15
2q 1.03 089 213 1.36 1.52  0.29 1.20 -7.46
4q 270  1.72 423 190 1.83  0.36 2.12 -5.42
8q 397 216 561 294 292 041 3.00 -3.90

Table 5: Back testing on scenario analysis — Group 3 (3rd quartile in interest rate

movement)

Forecast Overall
horizon GDP CONS INV Wage I[Hours dIP Average (SW)*
VAR(1)
1q 067 0.69 1.67 0.95 053 0.21 0.79 -9.04
2q 1.24 1.30 456 1.12 1.23 0.34 1.63 -3.25
4q 1.83 1.75 830 1.14 2.13 0.21 2.56 -5.66
8q 449 394 1793 1.81 357  0.23 5.33 -3.42
BVAR(4)
1q 0.60 0.59 1.51 097 0.44 0.20 0.72 943
2q 098 085 422 1.13 1.19 0.31 1.45 -4.32
4q 1.38 1.07 695 1.10 1.90 0.18 2.10 -5.17
8q 348 3.08 1553 1.66 315 0.24 4.52 -1.62
DSGE
1q 0.71 0.57 1.51  0.99 0.65 0.27 0.79 -10.05
2q 127 082 375 132 1.34  0.36 1.48 -4.92
4q 1.81 091 570 1.84 204 023 2.09 -6.51
8q 403 250 12.38 3.32 349 029 4.33 -3.25

21



Table 6: Back testing on scenario analysis — Group 4 (top quartile in interest rate
movement)

Forecast Overall
horizon GDP CONS INV Wage [Hours dIP Average (SW)*

VAR(1)
1q 083 123 279 105 062 018 112  -10.28
2q 191 226 623 104 138 016 216 -8.06
4q 418 426 1521 135 354 032 481 -3.81
8q 757 724 2921 203 665 024  8.82 281
BVAR(4)
1q 091 108 305 099 075 017 116  -1131
2q 190 217 595 098 134 017  2.08 -7.89
4q 403 419 1435 139 341 031 46l 271
8q 751 751 2818 220 643 020 8.67 -2.50
DSGE
1q 086 097 267 103 077 017 1.08  -11.20
2q 190 199 547 112 149 021  2.03 -6.84
4q 398 356 13.04 153 367 029 435 -3.48
8q 717 594 2449 230 685 036  7.85 -3.35

4 Conclusion

In this paper, we demonstrate that dynamic scenario analysis can provide more
intuitive and informative answer to a large number of practical questions that
are naturally appealing to policymakers, comparing to conventional forecasting
exercise and structural (shock) analysis. Since it directly addresses situations
that policy advisors recognize, the results can be easily interpreted to provide
policy basis. In real life, policy authorities like central banks have ‘beyond-
model” information such as future macro objectives. Scenario analysis allows
them to generate simulations conditional on these objectives or hypothetical
stressed conditions to provide impact evaluation or early warnings. Furthermore,
the simulated paths can be taken as a benchmark for policy makers to monitor
whether they are on track to the target.

Technically, scenario analysis requires one to simulate the dynamic model
forward while respecting restrictions imposed on some endogenous observables
at a future time. Such bridge distribution is analytically solvable only for a few
simple univariate processes such as AR(1). In macro applications, however, it
is mostly intractable due to the high dimensionality and complexity of a model.
All existing methods suffer from some kinds of inflexibility. Some are specially
designed for VAR models, some can only deal with hard conditions, and others
fail to consider parameter uncertainty. Our method provides an unified solution.
It can flexibly deal with both hard and soft scenario settings while accounting
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for parameter uncertainty. More importantly, it can be extended to nonlinear and
non-Gaussian models fairly straightforwardly.

The flexibility of our bridge-sampling method enables a scenario-based per-
formance study of different models, which we choose to be the VAR(1), BVAR(4)
and DSGE models developed in Smets and Wouters (2007). It is shown that
these three models are comparable in terms of data likelihood and forecasting
performance. But interestingly, they differ considerably under a scenario analy-
sis using a well-known inflation targeting policy. The performance comparison
between scenario analysis and the conventional forecast suggests that the two
complementary dimensions are informative in distinguishing models. The DSGE
model, which shows a relatively weak performance in conventional forecast over
2005 - 2017, has the greatest gains in performance for most variables when con-
ditioning on the realized interest rate. Therefore, scenario analysis can provide
insights into how a model performs in terms of characterizing the comovements
between the conditioning and other variables. It also provides a new angle for
model assessment in addition to historical data fit and unconditional forecasting
performance.

23



A Density-Tempered SMC Bridge Sampler for Lin-
ear State-Space Model

We consider a generic linear state-space model with m-dimensional VAR(1) pro-
cess driving the state variables s; and n-dimensional observed variables y; where
m > n:

st =C + Bs;_1 + Qe€; (7)
ye =p+ Ms; + ¢/ 8)
€; ~D;(0,L%)
€/ ~Dy(0,ZY)

where C and p are vectors of dimension m x 1 and n x 1, respectively. B de-
notes the autoregressive matrix and M the observation selection matrix. The
m-dimensional state s; could be driven by a smaller number of shocks, as in most
macro DSGE models including Smets and Wouters (2007). Suppose there are [
shocks, then the matrix Q is of dimension m x | and its entries are some transfor-
mation of known model parameters. The [ shocks are collected in €}, and they are
i.i.d. over time, follow some distribution Dy with mean 0 and covariance matrix
X%, but need not be Gaussian random variables. Likewise is e]t/ , which follows
distribution D, and has a covariance matrix denoted by LY. Furthermore, €} and
€/ are independent of each other, and their distributions may contain parameters
beyond means and covariance matrix if non-Gaussian. Here we only consider
the first lag term because any VAR(p) process can be straightforwardly converted
into a higher-dimensional VAR(1) model.

Suppose at time T, we are interested in conducting a scenario analysis where
the scenario imposes restrictions on the values of the first k observables T period

ahead, denoted by y(Tik,Z. The scenario condition can be written as y(Tik,z € A C Rk,
where A = xi.‘zlAi and A; corresponds to the constraint set for yr(ﬁrr. In other

words, given the observations up to period T, i.e., y;.7, we aim to generate
bridge paths, Y = (yr41, Y142, - - , YT+7), representing the conditional distribu-

tion p(Y|y1.1, y(lerkT) € A). Our method adopts the bridge-sampling technique
proposed in Duan and Zhang (2016), adds parameter uncertainty and adapts it to
the state-space setting.

By assuming that all parameters are subject to sampling errors, we need to
consider an augmented space (Y, 0), where 0 is the vector containing all model
parameters. To adapt to the state-space setting, we further extend the augmented
space to include st.(r) because at each t, we need both observables y; and
unobservables s; to provide sufficient information to roll the model forward.
However, after getting s, by equation (7), s; and €5 carry the same information
for t running from T + 1 to T + 7. Hence one can express the augmented system in
either st. (1, 1) or (Es,sT), where E; = e?T+1):(T+T), but it turns out that the latter is
more convenient to work with in dealing with degeneracy due to I < m in models
such as Smets and Wouters (2007) to be elaborated later in subsection A.5. So, the
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complete augmented system is considered to be(Y, E;, st, ). Mathematically, we
define the logarithm of the target bridge density as follows:

In ETBridge(Y/ ES/ ST, 9)

=In p(Y, ES, ST, 6|yl:Tl yg"1+k'2 € A)

=Inp(6|y1.7) +In fp(s7|0,y1.7) + In fp(Y, Es|sT, 6, y1.7)
1:k
—Infp(yi't) € Alyrr)

T+7T
=Inp(0ly1.r) +Infp(sr|6,y1.r) + Y, Infplys €flsi—1,0)
t=T+1
(1:k)
—Infp(yri- € Alyrr) 9)
where p(6|y;.7) is the parameter density given observations up to time T, the

filtering density for st is In fp(st|6,y1.7), and In fD(y(le:LkT) € Alyy.r) is the proba-

bility of the scenario conditional on y;.7. fp indicates that the density is evaluated
with respect to the target state-space model given by equations (7)-(8). Note that
if p(68|y1.7) is derived from a frequentist approach, it is typically an asymptotic
distribution of a known form. Under the Bayesian analysis using MCMC or SMC,
p(6|y1.7) is represented by a sample. This is actually an important factor to our
algorithm design which has broader applications in mind. The method proposed
here does not need to know its analytical form of p(8|y1.7).

A.1 Initialization

The target bridge density function in most cases lacks analytical formula and
hence cannot be sampled directly. Following Duan and Zhang (2016), we apply
the idea of sequential importance sampling, and start with a sample from some
easy-to-draw bridge distribution while knowing it is incorrect. Below we design
an efficient generator for the initialization.

Under the augmented space, we need to generate initialization for Y, Es, st
and 6. Sampling 0 and s is straightforward. Either p(0|y;.7) is an asymptotic
distribution of a known form which we can sample accordingly or we will have
a sample directly from the Bayesian estimation step. If we are not confident
about the quality of the sample from the Bayesian estimation step in representing
p(6|y1.7), or the scenario imposed is so extreme that we feel the sample does
not provide an adequate empirical support to cover the parameter distribution
after factoring in the scenario condition, we can choose to re-initialize 6 by a
Gaussian density approximating p(0|y;.7), with an enlarged variance if necessary.
We denote this Gaussian density by I(6), and it is used as the generator for 6 in
our subsequent illustration unless specified otherwise. When latency is involved,
st can be sampled according to the filtering distribution fp(st|6, y1.7) which is
also available from the Bayesian or frequentist estimation step.

For initialization of Y, we proceed in two steps. We first partition the obser-
vation vector into two groups: y; = (yglzk), yt(kﬂm)) where the conditioning vari-

ables are gathered in the first k elements. We further denote the bridge paths for
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conditioning variables by Yy, = y(lerkl):T . and those of companion observations

by Y11 = y,(rkjllz?ir. In the first step, we sample bridge paths for conditioning

variables Yj.x, one variable at a time based on the estimated univariate AR(1)
process. In the second step, we generate bridge paths for the other companion
variables conditional on Y;.; via a simple decomposition. To be more specific, we
assume each of the conditioning variables y; ;, where i = 1 : k, follows a Gaussian
AR(1) process, knowing that they may not be true but can be compensated with an
importance weight in sampling later. That is, we estimate the following assumed
AR(1) process using the observed data.

Yit =Hi + 0ilYit—1 1 €it (10)
6it|ft—1 NN(O, 0'12)

where yi; is a constant scalar and p; is the autoregressive coefficient. Innovation
€;; conditional on information set F;_; is assumed Gaussian with mean 0 and
variance (71.2.

Before sampling the bridge paths for y;;, one needs to fix the value of its
endpoint y; (r;r). The sampling of the endpoint will depend on the type of
condition imposed on y; (7), i.e., the structure of A;. If y; (1) is constrained
by a hard condition, i.e. A; is a singleton, y; (7, will simply equal the only
permissible endpoint. On the other hand, if policy makers want to allow for
some uncertainty on the conditioning information so that the scenario requires
the endpoint to fall within some range, we will first draw y; (7, ) with some
distribution g;(y; (r41)|yi 1, Ai) based on the estimated AR(1) process, which we
will discuss in a later subsection.

Once y; (141 is drawn, we can generate bridge paths according to the explicit
representation of the Gaussian AR(1) bridge conditional on a fixed endpoint:

Yir =0 (Yir—1) + ;Bityi,(T+T) + Uit

1— p(T—FT—H-l) T i
wit(Yip—1) =pi +0iYit—1 — Bit ( f_ 0i Hi +P§ e )yi,tl)

1— p?
1_ piZ(T—l—T—H—l)

By =p! T (11)

2(T+7—t+1)
zt:l_Plz_ 21— i( )
1

2
U

1—p7
uy ~N(0,3%) iid.

where y;, p;, and o; are estimated using equation (10); a;(y;;—1) and Bj; come
from the standard Gaussian bridge results.

With the bridge for conditioning variables in place, we can then generate other
variables in the state-space model by utilizing the following equation deduced
from equations (7)-(8) and assuming that €} and ef are Gaussian for the generator.

yr =p* + M*s; 1 +e (12)
e/” ~N(0,L¥*)

26



where u* = u+ MC, M* = MB, e]" = MQe; + €/,and ZV* = MOQZSQ'M' + LV,

* M* Zy* Zy*
Express with sub-blocks: u* = {‘Zk ], M* = [ k }, and X¥* = { ik ﬁ]
# M Ty Iy

Then one can easily derive

k+1: 1:k -1 1:k
E(yf 1y, 00, 0) =mio + Mi_se o+ 24 (20) 7 (0™ - - Mise )
(13)
k+1: 1:k -1
Var(y " gy, s, 0) =23 - 2 (21]) 7 2 (14
and use these two sufficient statistics to generate paths for yt(kJrl:n), the other

observable variables.

Of course, we also need to generate the state variables, s;, conditional on y;,
because they form part of the information set for advancing the system to the next
time point. For this, we first generate €; according to the following distribution:

E(€;|yt, si-1,0) =E(ef|e]", 0)
=z 'M () el

—ySO'M’ (Zy*)—l (yt . ,u* _ M*St—l) (15)
Var(e|y:, si—1,0) =Var(ef|e]”, )
=¥ ¥/ M’ (Zy*)_l MQ (X°). (16)

This gives our initialization for €} and also completes our initialization for the
entire augmented system. After drawing €}, s; can be updated accordingly using
the transition equation (7).

If the target model is VAR(1) instead of the state-space model, the method
described above can be greatly simplified, because latency is absent from the
model. Specifically, we no longer need the filtering distribution to sample the
initial latent variables. The conditioning variable s;_; appearing in many places
should also be replaced by y;_1, and equation (12) is used instead. Moreover,
equations (15)-(16) used for sampling €; are no longer required.

The overall density of this initialization bridge sampler is the product of (1)
the initialization density for the model parameter, i.e., I(6), which is by choice
a Gaussian density approximating p(6|yi.7), (2) the filtering distribution for
st based on the state-space model in equations (7)-(8), i.e., fp(srt|6,y1.7), (3)
the density of the AR(1) bridge for each of the k conditioning variables, which
is Gaussian by design, (4) the conditional density of the bridge paths for the
remaining observables which is again Gaussian by design, and finally (5) the
density of €} conditional on y;.

Since each conditioning variable y; ;, where i = 1 : k, is assumed to follow the
Gaussian bridge process defined in equation (11), its density only depends on the
estimated coefficients for their respective AR(1) processes and y; 1, which can be

27



written as:

In £IBridge(Y1'k’yT)
T+t-1

—Z Z In f yzt‘yzt 1. Yi, T+T)+1ngz(]/z T+T’yz T, Aj) (17)
i=1 | t=T+1

where

1 (Vi 1) — By 2
Inf(Yilvie-1YiTee) = =3 In(27(;) — Wir lt(%’tzég Puyir )" (18)
it
Next, the generator for Yy 1., and Es makes use of a decomposed form of
equation (12), which depends on the initial state s7, the model parameter 8 and
the bridge path for conditioning variables Y;.;. Hence, the logarithm of their joint
density is:

In Lipriage(Yit1:n, Es| Y1k, ST, 0)
T+T

= Y |nfel Y, si0,0) +Info(eflynsi1,0)]  (19)
t=T+1

where f; (yt(kﬂm) \yflzk), st—1, 0) is a Gaussian distribution with mean and variance

given in equations (13) and (14). Similarly, f; (€] |y, si—1, 0) is Gaussian with mean
and variance defined in equations (15) and (16). Notice that in the degenerate case
such as the DSGE model of Smets and Wouters (2007), this density will become
a Dirac delta function, but does not present a numerical difficulty to our bridge
sampling method, which will become clear later.

In summary, the log-density of our initialization sampler can be written as:

In L1pyigee (Y, Es, sT,0)

=In1(0) +In fp(sT|0, y1.7) + In Liprigee(Y1x|yT)
+ In L1griage(Yit1:n, Es| Y1k, ST, 0). (20)

A.2 Importance weight and density tempering

Recall that our target process is a state-space model specified in equations (7)-(8),
and the target bridge density is defined in equation (9). Following the theory
of importance sampling, the correct importance weight assigned to the sample
(Y, Es, sT,0) equals:

ETBridge(Y/ Es, ST, 9)
LIBridge(Y/ ES/ ST, 6)
p(0ly1:7) Ty fo (vt € lsi-1,0)

1(0) L1Briage (Yi:kyT) L1Bridge Yit1:n, Es| Y1k, ST, 0)

(1:k)

The proportional sign holds because the fD(yTiT € Alyy.r) term in our target
density is the probability of landing in the target set A averaged over all values of

(21
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the latent variables using the filtering distribution at time T and over all parameter
values using p(0). It remains a constant for all samples in the augmented space
and hence irrelevant. Furthermore, the filtering density fp(st|6,y1.7) drops out
of the importance weight formula completely through cancellation, therefore we
do not need to know its analytical form.

Since the model from which we generate our initialization sample differs from
the target state-space model, the importance weights across sample points are
expected to be quite uneven. If we directly resample according to these weights,
only a few or a small fraction of the original sample points will be retained,
resulting in severe empirical support shrinkage and sample impoverishment.
Hence, we must temper the importance weights sequentially to close the gap
between the initialization generator and the target model. Following Duan and
Zhang (2016), we smooth the transition by artificially constructing a series of
intermediate target distributions:

f5,‘ (Y/ ES/ ST, 6)

0
LTBridge(Yz ES/ ST, 9)) (22)

*CIBridge(Y/ Es, s, 9)
0= < <dp<---=1

OCEIBridge(Y/ E;, ST, 9) X (

By doing this, we break the transition task into a number of smaller movements.
Each time when we proceed from J; to J;,1, we are one step closer to our target
bridge distribution. In this sub-movement, f5i (Y, Es, sT,0) can be viewed as an
initialization bridge distribution, and f;,,, (Y, Es, sT,0) our target distribution.
Moving to the new target hence can be implemented by reweighting the paths
with the following incremental importance weights:

. f(5i+1 (Y/ ES/ ST, 9)
f(Si (Y/ ES/ ST, 0)

5
£TBridge(Y/Es/5T19)> i+1
'CIBi’ldgE(Y/ ES’ ST, 9) ( ‘CIBridge(Y/ES’ST’e)

ﬁTBridge(YrES/sTre) %
ﬁlBrzdge(Y, Es, s, 6) ( EIBridge(Y/ES/ST/B) >

Sivq—0;
ETBridge(Y/ ES/ ST, 6) o
‘CIBridge(Y/ E;, st, 9)

Si1—0;
p(0lyr.r) [T 071 fo (Y1, €511, 6) !
& ) (23)

W(di/ (Si_|_1, Y/ E, ST, 0)

X

1(0) L1ridge Y1:klyT) Lipridge Yit1:n, Es| Yk, ST,
and resampling accordingly.

The degree of sample impoverishment is directly linked to the unevenness of
importance weights, hence following the convention in the SMC literature, we
use the effective sample size (ESS) to monitor the diversity of paths. Denote our
intended sample size by N, ESS as a percentage of N is calculated as:

ESS/N= L (24)



where p is the index for particles, Ny is the number of distinct points and w), are the
importance weights converted into probabilities. If there are multiple duplicates of
a particle in the sample, w), is the sum of probabilities of all duplicates. To serve the
purpose of maintaining good sample diversity, the series {J1, 6, . .. } is adaptively
chosen such that the ESS stays above a certain level. Unless otherwise stated,
we set the threshold at 50% of the total sample size. To be more specific, with
a sample representing fs (Y, Es, st,0), we calculate the incremental importance
weights W and ESS/ N according to equations (23) and (24) for various values
of §;11 € (6;,1]. We pick the maximum ¢;, 1 that satisfies ESS/N > 0.5, and that
determines our next target distribution. By resampling and reassigning equal
weights to the simulated paths, we advance bridge paths to 5, , and can proceed
to choose the next target in the sequence.

A.3 Support boosting

It has been elaborated in Duan and Zhang (2016) that periodically boosting the
empirical support is essential for the bridge-sampling scheme to succeed, and the
Metropolis-Hastings (MH) move can help accomplish this task. The MH move
starts with a newly proposed particle (Y*, E}, s}, 6%) in the augmented space,
which is used to replace the original point (Y,E;, st,0) at some acceptance rate
determined by the quality of the proposal.

One natural proposal for the MH move is again the initialization sampler.
Here we make minor modifications to make it adaptive and more efficient. Recall
that our initialization for model parameters is I(0) which is a Gaussian density
approximating p(6|y;.7). In the MH move, we consider a mixed proposal for
6" denoted by h(6%|0), which is a 50-50 mixture of independent and symmetric
random walk proposals, and both are Gaussian. The independent proposal is
intended to approximate the available SMC sample of 0 at the stage, i.e., using
the sample’s mean vector and covariance matrix, whereas the symmetric random
walk proposal uses a scaled-down covariance matrix (20% of the sample standard
deviations) to provide some local variation. s} is again sampled from the filtering
distribution fp(s;|6*, y1.7) based on the state-space model in equations (7)-(8),
but at a different parameter value 6*.

We use the same generating model given in equations (10) - (16) as the proposal
for Y* and E? conditional on s} and 6*. The only difference from the initialization
is that here we make use of a nice feature in Duan and Zhang (2016), which
is to replace random segments of a bridge path instead of the entire path. For
details on how to generate random starting and ending times with (T + 1) <
ts <t, < (T + T — 1), readers are referred to Duan and Zhang (2016). It is worth
mentioning that there is a Bernoulli random variable Z with p(Z = 1) = 0.5
which indicates whether the endpoints y(lerkT) is resampled. When Z = 1, ¢, is
always set equal to T 4+ 7 — 1 and when Z = 0, we set t; equal to T + 1 with 50%
probability. With Z, t; and ¢, in place, we first generate the defiined segment of
bridge paths for the k conditioning variables, again one at a time based on their
respective estimated AR(1) processes in equation (10). Note that the new paths for
conditioning variables Y}, are different from Y;.; only over the segment defined
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by [ts, to] which is tied to Z. Hence, its log-density given current path Y, while
conditioning on s7, 8%, Z, t; and t, is:

11’1 LMH(Yl*k|Y/ Sﬁ", 6*, Z, ts, t@)
:lnﬁMH(Yikk|Y, Z, ts, te)

2 [Zt ts lnf(y;it’y;itfl’yi,te‘i’l’te)] if Z=0

Y [Zf:f” In f (7Y 1 Yirso) +1I0gi (yi‘,T+T!yi,ts—1,Ai)] if Z=1

where g;(y; 1. .|Yit,—1, Ai) is the same endpoint sampler as in the initialization
which will be described in the next subsection, and

2
<yzt “zt(yzt 1/ te) — ﬁzt(te)yztﬁl)
207 (te)

lnf(yztht—l/yi,ffrl/te) =5 ln (anzt(t€)> -

where

1- Pgte +2) (te—t+2)
“if(y?,t—lf te) =pi + Pﬂ/:‘it—l — Bit(te) <—1 l_ 0; Hit+p;° y;'k,t—1>
1

2
oy ety 17
Bit(te) =p; 1_ piz(t@—tﬂ)
2(te—t+2
L 1= ult)? (1-p )
it(te) = 5 o;.
1—p;

Next, we use again equations (12) - (16) to sample Y/, ., and E; conditional on
Y{'«, st and 0*. It is worth noting that Y[/, ., and E7 will differ frorn Y11, and

E; at all time points from T +1to T+ T even though Y], and Y; are identical

before t; and after t.. This is because the distribution of y, (k1n) depends on the

previous state s;_;, and s; starts to differ from s; right from the beginning at time
T. Therefore, the logarithm of the joint density of ¥;", ;. and E; is:

In Loty (Y 1.0 Es | Y1 5T, 67)
T+t

k 1: *(1:k * * k| .ok % *
= Z [lnfc;(yt T |yt( )/St_lle ) +In fc (e |y;,si_1,0 )}
t=T+1

Notice that this is actually the same as In Lpyjgge Yy, 1., E5 | Y1 8T, 07).

The overall density of the new particle (Y*, E7, s7, 0*) under the MH proposal
is then given by:

£MH(Y*/ E;’(/ S?, 9* ‘Y/ ES/ ST/ 6)
=h(67(6) fp(s716", y1.1) Lvan (Yk|Y, Z, b5, te) Ligridge (Ye'y 100 Es Y1k ST, 07)

Suppose we are at the intermediate target f;, given a particle (Y, Es, st, 0),
the replacement proposal (Y*, E, ST, 6*) should be accepted at the probability
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calculated as follows:

a{(Y,Es,st,0) = (Y*,E},s%,0")}

. fo,(Y*E$,87,0%) Ly (Y,Es,sT,0|Y* EZ,s5,0%)

= min (1' 7oV Ess7.0) zMH<Y*,E:,s*T,e*|Y,Es,sT,e)) 25

Note that Lyp (Y™, ES, 7, 0°|Y, Es, st,0) is similar to the initialization sampler,
Lipriage (Y, ES, s7,0%) in equation (20). The differences are (1) 1(6*|0) takes the
place of 1(0%), and (2) Layu (Y4 |Y, Z, ts, t.) takes the place of Lipigge (Vi |y1.T)-
Thus, many terms simply drop out of the expression for the acceptance probability
due to cancellation. That is,

a{(Y,Es, st,0) — (Y, E;,s7,0")}

I(B*)EIBridge(Yik‘yT) ( ‘CTBridge(Y*/E:fs?’e*) ) di
h(ﬂ* ‘9) ['MH (Yf;k |Y'Zrtslt€) ['IB/'idge(Y*/E;/S*Tre*)

1(0) L1gridge(Yi:x|yT) ( L1Bridge(Y,Es,5T,0) ) O
h(016*) Lan (Y1 [Y*, Zots,te) \ Lipriage(Y,Es,st,0)

5.
1(6%) Lprigge(YiylyT) p(0*lyr.) T, fo(yi€lils;_1.0) l
h(0%0) Larn (Yi|Y Zts,te) \ 1(0%) Liriage (Y1 |yT) L1Bridge (Y, 1.0 ES [Y1'57/0%)

=min | 1,

=—min | 1,

5.
1(0) L1riage (Yi:xlyT) p(0ly1.) T 7.1 fo(yt.€flst-1,6) l
h(6]6*) Loy (Yik|Y*, Z ks te) \ 1(8)Lipriage(Yik|yT) L1Briage Yet 1:n.Es| Y1:k,5T,0)

(26)

The lack of an analytical form for p(6|y1.7) can be dealt with in two ways.
First, choose both 1(6*|6) and 1(6*) to be the same as p(0*|y1.7) to completely
cancel it out. Alternatively, numerically evaluate the posterior distribution by its
definition:

p(0ly1.r) o Prior(0)L(y1,y2,- -, yr6).

Naturally, the first way is much simpler and entails lower computing costs, but
the second approach may be necessary when the contemplated scenario is rather
extreme. When p(0|y;.7) is represented by a sample, repeatedly generating 6*
using that sample will constrain the particle set of 8* from properly adapting to
the paths dictated by the future scenario if it is rather extreme. For example, if
we consider a scenario on a conditioning variable that is six standard deviations
away from its mean implied by p(80|yi.7), the scenario will naturally push the
parameter distribution away from p(6|y;.7) so as to be more compatible with the
scenario. Hence the added costs of evaluating the data likelihood repeatedly may
become necessary when the contemplated scenario is extreme to the point that
sampling from p(0|y;.7) can no longer effectively boost the support.

A.4 Sample endpoints that fall in the target set

Recall that before we generate bridge paths for conditioning variable y;;,i € [1 : k],
we need to fix its endpoint y; (7, ;). For scenarios that require the endpoint to fall
within a set, we will first sample y; (7, ;) according to some distribution denoted
by gi. If there is no reason for choosing a particular g;, the truncated normal
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distribution based on the estimated AR(1) process will be a natural candidate
when A; is an interval. This density function only depends on y; T and A;, and

we denote it by g; (yi,(nr) \yi T, Ai).

As an illustration, suppose the scenario requires y; (74 € A; = [}, y¥]. By
assuming y; ; evolves according to equation (10), we sample y; (7, ;) from a normal
distribution with the following mean and variance:

1—of
Hir (1) = E(Yi,(r4) Vi) =0iviT + pig _f;, (27)
1
2 1- PzZT 2
() = Var(y;(ri0)lyir) = 12 7 (28)
1

while restricting to the interval [y}, y%].

The sampled endpoint y; (7, ) based on truncated normality has the following
density function:

Ing;(yi (r4v)lyr, Ai) =In¢ (¢ir(7)) —Inoyr(t) —InZ; 7(7) (29)
where
_Yi(T+r) — #i7(T)
Ci,T(T) - Ui,T(T)
Zir(t) =@ (bir(7)) — P (a;r(7))
v = pir(T)
ai,T(T) — Ui,T(T)
v~ Hir(7)
b 7(T) = (0

¢(-) is the density function of standard normal distribution and ®(-) is the cor-
responding cumulative distribution function. Note that Z; r(7) need not be
evaluated because it becomes an irrelevant constant as far as the importance
weight is concerned.

A.5 Bridge-sampling degenerate state-space models

All linearized DSGE models can be expressed in a state-space form as in equations
(7)-(8). Here we discuss the DSGE model of Smets and Wouters (2007), and show
how our algorithm can deal with degeneracy in such a model. Notice that this
model contains no measurement error and no constant term in the transition
equation. Hence its state-space form looks as follows:

st =Bs;_1 + Qe€;
Yyt =p + Ms;
€; ~N(0,X°)

where the vector of latent state variables, s;, is 50-dimensional, the vector of
observable variables, y;, is seven-dimensional, €} contains all Gaussian shock
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variables and is also seven-dimensional with covariance matrix X5. ) is a known
50 x 7 matrix containing the transformation information.

There are two types of degeneracy in the Smets and Wouters (2007) model.
The first comes from dimension mismatch between the state variables and shocks,
which is quite common in the state-space formulations converted from macro
DSGE models. More precisely, the 50-dimensional state s; is driven by a lower
dimensional shock, i.e., seven-dimensional €;. Given s;_j, the variance of s;
equals QX°QY, which has a maximum rank of seven and hence is always singular.
This makes it difficult to evaluate the density of s;. And since €} and s; carry
essentially the same information, we can structure the augmented space in terms
of €] instead of s;.

The second type of degeneracy is associated with zero measurement error.
In equation (12) for the initialization sampler, we have ety =0, ety =M Qe;,
where M) is a 7 x 7 matrix and generically invertible. Thus, fs(€f|y:, si—1,0)
becomes a Dirac delta function with probability mass concentrated at a single
point € = (MQ)~!(y; — u* — M*s;_1). Denote in general the Dirac delta by
O{x—x,} (¥) which is 0 everywhere except at xo where its value equals infinity
but the whole function can be integrated to 1. In short, fc(€}|ys, si—1,0) =
5{e?:(M0)71(yt_’l*_M*st_l)}(e?) for such a degenerate case. For computing the
importance weight, this Dirac delta function will be cancelled out by a same term
in the target bridge density. But it is important to remember that this Dirac delta
function depends on parameter value and bridge path so that cancellation can
only happen if the target bridge’s density shares the same Dirac delta function as
the generating bridge.

The overall initialization density is then written as:

In L1grigge(Y, Es, s, 6)
= InI(6) +In fp(s7|6,y1.7) + In Lipriage(Yiklyr) + In Liriage (Vi 1:0| Y1k, 5T, 0)
T4T
+ ) e Moy 1 (y—pe—ms, )} (€7) (30)
=T +1

Note that the last term on the right-hand side of the above equation need not be
evaluated due to a cancellation later, and for the coding purpose it can be set to 0.

Likewise for the target model,

In fp(y, €7[s¢—1,0) = In fp(€f|s;—1,0) +1In fp(yi|€f, si—1,0)

and fp(y¢|€f, s;—1,0) is again a Dirac delta function but in terms of y;. By equation
(12) and €; = 0, we have

Yy = p+ MC + MBs;_1 + MQe;.
Factoring in the Jacobian of the transformation gives rise to

5 _ fo(€lyt,si-1,0)
fD(yt|€t/st71/6) - det(MQ)

_ Oer=(ma) \(gi—pr—Mos; 1)} (€7)
det(MQ)
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Hence, the log-density for the target bridge is

In ETBridge(Y/ Es, sT, 6)
T+T
o« Inp(6lyi.r) +Infp(srl6,yrr) + ) Infp(efls;—1,0) — TIndet(MQ)
t=T+1
T+t
+ Y, INbe— vy 1y Ms, )y (€1) (31)
t=T+1

Note that the last term on the right-hand side of equation (31) is the same Dirac
delta function as that in equation (30), again an irrelevant constant that can be set
to 0 for the coding purpose.

After correctly evaluating the proposal density and target bridge density, the
subsequent reweighting, resampling and boosting step follows exactly the same
as described in A.2 - A 4.
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B DSGE estimation results

Table 7: DSGE Posterior Distribution

Structural Parameters

1966:1-2004:4 1966:1-2017:4
Mean SD Mean SD
) 5.74 0.96 4.65 0.86
o 1.38 0.11 1.28 0.15
h 0.71 0.04 0.58 0.05
Cw 0.70 0.06 0.76 0.04
] 1.83 0.55 1.76 0.48
Cp 0.66 0.05 0.76 0.04
Lw 0.58 0.12 0.60 0.12
lp 0.24 0.08 0.29 0.09
P 0.54 0.11 0.79 0.07
D 1.60 0.08 1.51 0.07
T 2.04 0.17 2.03 0.15
0 0.81 0.02 0.82 0.02
ry 0.08 0.02 0.09 0.02
Ay 0.22 0.03 0.24 0.02
T 0.78 0.10 0.67 0.09
-1_1| 016 005 0.16  0.05
I 0.53 1.07 0.63 1.18
0% 0.43 0.02 0.29 0.04
o 0.19 0.02 0.18 0.02

Shock Processes

1966:1 - 2004:4 1966:1 - 2017:4
Mean SD Mean SD
0, 0.45 0.03 0.46 0.03
o 0.23 0.02 0.11 0.01
gt 0.53 0.03 0.48 0.02
o; 0.45 0.05 0.36 0.03
oy 0.24 0.02 0.22 0.01
0p 0.14 0.02 0.14 0.01
Ow 0.24 0.02 0.38 0.02

Oa 0.95 0.01 0.99 0.004
Ob 0.22 0.08 0.79 0.04
Pg 0.97 0.01 0.97 0.01
i 0.71 0.05 0.78 0.06
Or 0.15 0.06 0.16 0.05
Pp 0.89 0.05 0.87 0.05
Ow 0.96 0.01 0.98 0.01
Hp 0.69 0.09 0.75 0.07
Hw 0.84 0.05 0.96 0.01
Pga 0.52 0.09 0.50 0.07
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C Quality of the bridge-sampler
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Figure 5: QQ plot for the VAR(1) model
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Figure 6: QQ plot for the DSGE model
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D Out-of-sample forecast performance

Table 8: Out-of-Sample Forecast (2005:Q1 - 2017:Q4)

Forecast Fed Ave- Overall
horizon GDP CONS INV Wage [Hours dIP funds rage (SW)*
VAR(1)

1q 063 074 1.77 1.06 045 025 0.16 0.72 -11.08
2q 132 145 409 1.14 1.03 024 024 136 -6.32
4q 291 2.80 947  1.33 2.36 028 035 279 -1.29
8q 590 527 1898 1.86 459 036 0.61 537 3.13

BVAR(4)
1q 064 068 187 1.11 049 024 011 074 -11.73
2q 1.24 1.31 3.91 1.22 1.02 0.24 0.21 1.31 -6.42
4q 2.57 2.45 8.51 1.47 2.19 0.27 033 254 -1.15
8q 5.08 459 16.91 2.08 412 032 0.52 4.80 3.67
DSGE
1q 071 062 179 1.11 068 025 011 075 -11.47
2q 1.44 1.18 3.85 1.26 1.41 028 022 1.38 -6.37
4q 2.96 2.00 8.57 177 2.81 027 042 2.69 -1.08
8q 566 3.08 1739 331 500 026 0.72 5.06 2.90
Table 9: Out-of-Sample Forecast (2005:Q1 - 2009:Q2)

Forecast Fed Ave- Overall
horizon GDP CONS INV Wage [Hours dIP funds rage (SW)*
VAR(1)

1q 081 112 256 1.23 058 029 025 110 -11.32
2q 1.85 222 657 113 1.52 028 030 226 -7.84
4q 373 378 1338 1.25 304 034 042 425 -6.54
8q 5.65 520 2190 1.92 4.07 050 079 654 -7.75

BVAR(4)
1q 090 1.04 285 127 072 029 016 118 -11.22
2q 1.85 206 644 1.11 1.58 028 025 222 -7.50
4q 358 3.65 1239 1.24 290 0.28 041 401 -5.89
8q 535 520 2027 2.06 370 040 071 616 -7.67
DSGE
1q 0.83 0.91 244 1.21 0.85 0.28 0.14 1.09 -12.32
2q 1.74 1.77 5.76 1.16 1.77 0.32  0.22  2.09 -7.70
4q 3.17 2,70 11.10 143 2.95 028 044 3.60 -6.26
8q 4.66 296 17.97 2.50 3.91 035 0.66 5.39 -8.55
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Table 10: Out-of-Sample Forecast (2009:Q3 - 2017:Q4)

Forecast Fed Ave- Overall
horizon GDP CONS INV Wage [Hours dIP funds rage (SW)*
VAR(1)

1q 053 045 121 097 034 023 0.06 062 -1543
2q 1.00 091 209 097 057 023 010 096 -11.43
4q 223 190 433 133 111 021 020 185 -740
8q 485 402 850 1.69 245 027 046 363 -5.52

BVAR(4)
1q 0.46 0.35 1.08  1.03 031 021 0.05 057 -16.04
2q 0.80 0.68 1.76  1.01 053 022 010 083 -11.76
4q 1.74 1.42 347 140 088 023 016 1.52 -7.43
8q 3.75 3.02 6.21 1.73 1.78 029 032 2.80 -4.83
DSGE
1q 066 040 137 1.06 053 023 010 071 -16.08
2q 130 079 255 116 1.03 025 021 118 -12.31
4q 280 147 564 196 205 023 043 236  -8.84
8q 5.51 242 1161 3.78 381 020 075 456  -8.37
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