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Devwudfw

Yrodwlolw| vploh uhihuv wr wkh frqyh{ sdwwhuq lq wkh Eodfn0Vfkrohv lpsolhg yrodwlolw| zkhq sorw0

whg djdlqvw wkh rswlrq*v h{huflvh sulfh1 Wklv sdshu surylghv d wkhruhwlfdo dqdo|vlv ri yrodwlolw|

vploh xvlqj d jhqhudol}hg JDUFK rswlrq sulflqj prgho lq zklfk wkh dvvhw uhwxuq lqqrydwlrq lv

frqglwlrqdoo| ohswrnxuwlf dqg vnhzhg1 Wklv jhqhudol}dwlrq dffrpprgdwhv wkh hpslulfdo hylghqfh

rq frqglwlrqdo ohswrnxuwrvlv dqg dovr doorzv iru rwkhu ihdwxuhv ri �qdqfldo gdwd vxfk dv orqj

phpru| lq yrodwlolw|1 Rxu dqdo|vlv xvlqj wklv jhqhudol}hg JDUFK rswlrq sulflqj prgho vxj0

jhvwv wkdw frqglwlrqdo ohswrnxuwrvlv/ ohyhudjh h�hfw dqg dvvhw ulvn suhplxp wrjhwkhu ghwhuplqh

wkh vkdsh ri wkh yrodwlolw| vploh1

Nh| zrugv= JDUFK/ Yrodwlolw| Vploh/ Ohswrnxuwrvlv/ Ohyhudjh H�hfw/ Orqj Phpru|/ Ulvn

Suhplxp/ Orfdo Ulvn Qhxwudol}dwlrq1

MHO fodvvl�fdwlrq= F65/ J4
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Wkh vhplqdo zrun ri Eodfn dqg Vfkrohv +4<:6, dqg Phuwrq +4<:6, rq rswlrq sulflqj wkhru|/ frp0

prqo| nqrzq dv wkh Eodfn dqg Vfkrohv prgho/ kdv qrw rqo| vsdzqhg d kxjh olwhudwxuh rq ghulydwlyh

frqwudfwv exw dovr wudqviruphg wkh exvlqhvv sudfwlfh lq wkh �qdqfldo lqgxvwu|1 Wklv lq�xhqwldo rswlrq

sulflqj prgho lv qrw zlwkrxw sureohpv/ krzhyhu1 Pdq| hpslulfdo vwxglhv/ lqfoxglqj wkh hpslulfdo

zrun lq Eodfn dqg Vfkrohv +4<:5,/ kdyh vkrzq wkdw wkh Eodfn dqg Vfkrohv prgho h{klelwv v|vwhp0

dwlf sulflqj eldvhv1 Pruh uhfhqw hpslulfdo vwxglhv w|slfdoo| irfxv rq wkh sulflqj eldvhv lq whupv ri

lpsolhg yrodwlolwlhv/ dqg wkh eldv skhqrphqrq lv uhihuuhg wr dv _yrodwlolw| vploh1% Yrodwlolw| vploh

shuwdlqv wr wkh skhqrphqrq wkdw wkh Eodfn0Vfkrohv lpsolhg yrodwlolwlhv iru vwrfn fdoo rswlrqv riwhq

h{klelw d grzqzdug vorslqj/ frqyh{ sdwwhuq zkhq sorwwhg djdlqvw wkhlu h{huflvh sulfhv1� Wklv shu0

vlvwhqw ihdwxuh ri rswlrq sulfh gdwd frqwudglfwv wkh suhglfwlrq ri wkh Eodfn0Vfkrohv prgho/ ehfdxvh

wkh wkhru| vxjjhvwv d krul}rqwdo olqh iru wkh lpsolhg yrodwlolw|1 Wkh yrodwlolw| vploh skhqrphqrq

prwlydwhg pdq| h{whqvlrqv ri wkh Eodfn dqg Vfkrohv prgho12

Gxdq +4<<8, sursrvhg d gl�huhqw dssurdfk wr h{whqglqj wkh Eodfn0Vfkrohv prgho/ lq zklfk wkh

xqghuo|lqj dvvhw uhwxuq lv dvvxphg wr iroorz wkh JDUFK g|qdplf1 Wkh DUFK idplo| ri prghov

zdv �uvw lqwurgxfhg e| Hqjoh +4<;5,/ dqg wkh prvw qrwdeoh jhqhudol}dwlrq zdv e| Eroohuvohy +4<;9,1

Wkh jhqhudol}hg DUFK +JDUFK, prgho kdv lq wkh uhfhqw |hduv jdlqhg surplqhqfh iru prgholqj

�qdqfldo wlph vhulhv1 Ilqdqfldo gdwd w|slfdoo| h{klelw wlph0ydu|lqj yrodwlolw|/ zklfk kdv sduwlfxoduo|

lpsruwdqw lpsolfdwlrqv iru sulflqj ghulydwlyh frqwudfwv1 Vlqfh ghulydwlyh fodlpv duh vhqvlwlyh wr

yrodwlolw|/ lw lv ri sdudprxqw lpsruwdqfh wr xvh d jrrg prgho iru wkh yrodwlolw| g|qdplfv ri �qdqfldo

dvvhwv1 Wkh ghulydwlrq ri wkh JDUFK rswlrq sulflqj prgho lq Gxdq +4<<8, xwlol}hv wkh vwdqgdug

frpshwlwlyh htxloleulxp dvvhw sulflqj iudphzrun1 Uhfhqwo|/ Ndoovhq dqg Wdttx +4<<;, kdyh frph

xs zlwk d frqwlqxrxv0wlph yhuvlrq ri wkh prgho vr wkdw dq duelwudjh0iuhh dujxphqw fdq eh xvhg wr

hvwdeolvk wkh vdph sulflqj uhvxow1 Wkh qxphulfdo phwkrgv iru wklv fodvv ri rswlrq sulflqj prghov

kdyh ehhq hphujlqj> iru h{dpsoh/ Kdqnh +4<<:,/ Gxdq/ hw do +4<<;,/ Ulwfknhq dqg Wuhyru +4<<;,/

Gxdq dqg Vlprqdwr +4<<;d)e,/ dqg Khvwrq dqg Qdqgl +4<<;,1 Wkh JDUFK rswlrq sulflqj prgho

kdv vr idu h{shulhqfhg vrph hpslulfdo vxffhvvhv= vhh/ iru h{dpsoh/ Dplq dqg Qj +4<<7,/ Kh|qhq/

hw do +4<<7,/ Gxdq +4<<9d,/ dqg Khvwrq dqg Qdqgl +4<<;,1

Rqh ri wkh nh| dvvxpswlrqv iru wkh JDUFK rswlrq sulflqj prgho lv frqglwlrqdo qrupdolw|1 Wklv

dvvxpswlrq lv qhhghg wr hqvxuh d glvwulexwlrqdo lqyduldqfh zkhq wkh dvvhw uhwxuq lqqrydwlrq xqghu0

jrhv ulvn qhxwudol}dwlrq1 Wklv dvvxpswlrq lv/ krzhyhu/ dw rggv zlwk wkh gluhfw hpslulfdo hylghqfh

rq wkh dvvhw uhwxuq g|qdplf dv vxppdul}hg/ iru h{dpsoh/ lq Eroohuvohy/ hw do +4<<5,1 D w|slfdo

�qglqj frqfhuqlqj wkh uhwxuq fkdudfwhulvwlfv lv wkdw rqh0shulrg dvvhw uhwxuq/ frqglwlrqdo rq wkh

prvw xs0wr0gdwh lqirupdwlrq/ frqwlqxhv wr h{klelw d idw0wdlo ehkdylru1 Wklv idw0wdlo skhqrphqrq lv

vrphwlphv uhihuuhg wr dv frqglwlrqdo ohswrnxuwrvlv1 Wklv hylghqfh udlvhv d txhvwlrq frqfhuqlqj wkh

dssursuldwhqhvv ri wkh frqglwlrqdo qrupdolw| dvvxpswlrq1 Vlqfh wkh fxuuhqw JDUFK rswlrq sulflqj

wkhru| grhv qrw shuplw frqglwlrqdo ohswrnxuwrvlv/ lw lv xqfohdu dv wr zkdw h�hfwv frqglwlrqdo ohs0
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wrnxuwrvlv frxog kdyh rq yrodwlolw| vploh1 Wklv sdshu jhqhudol}hv wkh JDUFK rswlrq sulflqj prgho

e| vshfl�fdoo| doorzlqj wkh dvvhw uhwxuq wr kdyh d frqglwlrqdoo| idw0wdlohg dqg vnhzhg glvwulexwlrq1

Wkh jhqhudol}hg rswlrq sulflqj wkhru| lv wkhq xvhg wr vwxg| wkh h�hfw ri frqglwlrqdo ohswrnxuwrvlv

rq yrodwlolw| vploh1

Hpslulfdo hylghqfh lq wkh olwhudwxuh kdv uhfhqwo| ehhq hphujlqj wr lqglfdwh d orqj phpru| surs0

huw| lq wkh yrodwlolw| g|qdplfv1 Wklv orqj phpru| skhqrphqrq zdv uhsruwhg/ iru h{dpsoh/ lq Glqj/

hw do +4<<6,1 Uhfhqwo|/ orqj phpru| lq yrodwlolw| kdv ehhq prghohg dv d iudfwlrqdoo| gl�huhqfhg

v|vwhp/ zklfk doorzv yrodwlolw| lqqrydwlrq wr glh rxw dw d k|shuerolf/ lqvwhdg ri h{srqhqwldo udwh1�

Furxk| dqg Urfnlqjhu +4<<:, uhfhqwo| uhfrjql}hg wkdw wkh k|vwhuhvlv h�hfw lv dovr suhvhqw lq wkh

frqglwlrqdo yrodwlolw| ri dvvhw uhwxuq1 Wkh| sursrvhg wkh xvh ri d JDUFK prgho zlwk k|vwhuhvlv

h�hfw wr ghvfuleh dvvhw uhwxuqv1 Rxu jhqhudol}dwlrq ri wkh JDUFK rswlrq sulflqj wkhru| lqfrusr0

udwhv wkhvh wzr ihdwxuhv ri �qdqfldo gdwd1 Pruh lpsruwdqwo|/ rxu jhqhudol}dwlrq hqfrpsdvvhv dq|

lpdjlqdeoh sdudphwulf irup ri wkh JDUFK g|qdplf1

Rxu vwudwhj| iru ghyhorslqj wkh jhqhudol}hg yhuvlrq ri wkh JDUFK rswlrq sulflqj prgho ehjlqv

zlwk d vhdufk iru d wudqvirupdwlrq wkdw lv fdsdeoh ri frqyhuwlqj wkh idw0wdlohg dqg2ru vnhzhg udq0

grp yduldeohv lqwr qrupdoo| glvwulexwhg rqhv1 Dsso|lqj wkh orfdo ulvn0qhxwudo ydoxdwlrq sulqflsoh

wr wkhvh wudqviruphg yduldeohv/ zh kdyh h�hfwlyho| jhqhudol}hg Gxdq*v +4<<8, prgho1 Zh dovr dgrsw

wkh jhqhudo huuru ixqfwlrq dv wkh frqglwlrqdo glvwulexwlrq ixqfwlrq wr ghprqvwudwh wkh h�hfw ri frq0

glwlrqdo ohswrnxuwrvlv1 Wkh qxphulfdo dqdo|vlv lv fduulhg rxw e| ydu|lqj wkh wdlo0idwqhvv sdudphwhu

ri wkh jhqhudol}hg huuru glvwulexwlrq1 Wkh uhvxowv vxjjhvw wkdw wkh vkdsh ri yrodwlolw| vploh lv mrlqwo|

ghwhuplqhg e| wkh h{whqw ri frqglwlrqdo wdlo0idwqhvv/ wkh ghjuhh ri ohyhudjh h�hfw dqg wkh pdjqlwxgh

ri dvvhw ulvn suhplxp1 Rxu �qglqjv dovr r�hu vhyhudo lqwhuhvwlqj wkhruhwlfdo suhglfwlrqv xvhixo iru

ixwxuh hpslulfdo vwxglhv1
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Wklv vhfwlrq surylghv d ghyhorsphqw ri wkh rswlrq sulflqj wkhru| iru wkh JDUFK prgho zlwk qrq0

qrupdoo| glvwulexwhg lqqrydwlrqv1 Frqvlghu dq dvvhw lq d glvfuhwh0wlph hfrqrp| zlwk sulfh dw wlph

w ghqrwhg e| [| dqg glylghqg |lhog iurp wlph +w� 4, wr w e| g|1 Wkh rqh0shulrg rqh soxv wkh udwh

ri uhwxuq iru wklv dvvhw/ l1h1/
f|n�

f|
.g|n�/ lv dvvxphg wr reh|/ xqghu wkh gdwd jhqhudwlqj suredelolw|

phdvxuh S / wkh iroorzlqj g|qdplf=

E+
[|n�

[|
. g|n�> �, @ �|n� .

s
k|n�%|n� +4,

k|n� @ i+k� > %� >�4 ? � � w> �, +5,

%|n�mI| � G+3> 4, +6,

E+}> �, @
}B � 4

�
iru } A 3 dqg � � 3 +7,
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zkhuh I| lv wkh lqirupdwlrq vhw frqwdlqlqj doo lqirupdwlrq xs wr dqg lqfoxglqj wlph w1 Lq htxdwlrqv/

G+3> 4, ghqrwhv vrph glvwulexwlrq ixqfwlrq wkdw lv frqwlqxrxv ryhu lwv vxssruw zlwk phdq 3 dqg

yduldqfh 4/ zkhuh wkh vxssruw lv dvvxphg wr eh d frqqhfwhg vhw1 +G+d, zloo vrphwlphv eh xvhg wr

ghqrwh wkh fxpxodwlyh glvwulexwlrq ixqfwlrq hydoxdwhg dw d,1 Wkh vhw ri sdudphwhuv/ �/ jryhuqv wkh

yrodwlolw| g|qdplf1 Wkh frqglwlrqdo phdq/ �|n�/ lv dq| suhglfwdeoh surfhvv zklfk phdqv phdvxudeoh

zlwk uhvshfw wr wkh lqirupdwlrq vhw I|1 Wkh frqglwlrqdo yduldqfh/ k|n�/ lv e| gh�qlwlrq phdvxudeoh

zlwk uhvshfw wr wkh lqirupdwlrq vhw I|1 Ilqdoo|/ � lv uhvwulfwhg wr wdnh rq ydoxhv wkdw hqvxuh d �qlwh

frqglwlrqdo vhfrqg prphqw iru
f|n�

f|
. g|n� xqghu phdvxuh S 1

E+�> �, lv wkh zhoo0nqrzq Er{0Fr{ wudqvirupdwlrq vr wkdwE+f|n�

f|
.g|n�> 3, @ oq+

f|n�

f|
.g|n�, dqg

E+
f|n�

f|
. g|n�> 4, @

f|n�3f|

f|
. g|n�1 Wkh prgho lq +4,0+7, ghvfulehv wkh frqwlqxrxvo| frpsrxqghg

uhwxuq zkhq � @ 3/ dqg ghvfulehv wkh vlpsoh udwh ri uhwxuq zkhq � @ 41 Wkh ydoxh ri � fdqqrw

eh duelwudu|/ krzhyhu1 Li/ iru h{dpsoh/ %|n� kdv d frqglwlrqdoo| idw0wdlohg glvwulexwlrq vxfk dv wkh

w0glvwulexwlrq/ wkhq � fdqqrw htxdo }hur ehfdxvh wklv frpelqdwlrq pdnhv wkh h{shfwhg vlpsoh udwh

ri uhwxuq xqerxqghg + fohduo| qrw d vhqvleoh vlwxdwlrq,1 Qrwh wkdw � vkrxog qrw eh ylhzhg dv dq

xqnqrzq sdudphwhu> udwkhu lw lv d prgholqj fkrlfh pdgh e| wkh xvhu1

Rxu jhqhudo vshfl�fdwlrq doorzv wkh dvvhw uhwxuq lqqrydwlrq wr kdyh d frqglwlrqdoo| idw0wdlohg

dqg vnhzhg glvwulexwlrq1 Wklv ihdwxuh lv lpsruwdqw ehfdxvh prxqwlqj hpslulfdo hylghqfh kdv lqgl0

fdwhg wkdw kljk iuhtxhqf| gdwd frqwlqxhv wr h{klelw frqglwlrqdo wdlo0idwqhvv diwhu doorzlqj iru wkh

JDUFK h�hfw +vhh Eroohuvohy/ hw do/ 4<<5,1 Frqglwlrqdo ohswrnxuwrvlv zdv gluhfwo| prghohg dv d

w0glvwulexwlrq lq Eroohuvohy +4<;:,1 Dowhuqdwlyho|/ wkh jhqhudol}hg huuru glvwulexwlrq fdq eh xvhg wr

prgho frqglwlrqdo ohswrnxuwrvlv dv lq Qhovrq +4<<4,1

Lw lv txlwh frpprq lq wkh olwhudwxuh wr dgrsw d vshfldo ixqfwlrqdo irup iru i+�,1 Lq wkh fdvh ri wkh
qrq0olqhdu dv|pphwulf JDUFK+4/4, prgho ri Hqjoh dqg Qj +4<<6,/ k|n� @ �f.��k|.�2k|+%|�f,21
Li zh ohw f @ 3/ wkh prgho ehfrphv wkh olqhdu JDUFK+4/4, ri Eroohuvohy +4<;9, dqg Wd|oru +4<;9,1

Wr rewdlq wkh h{srqhqwldo JDUFK+4/4, prgho ri Qhovrq +4<<4,/ rqh vshfl�hv k|n� @ h{si�f .
��oq+k|,.�2+m%|m.�%|,j1 Iru wkh yhuvlrq ri JDUFK prgho sursrvhg e| Jorvwhq/ hw do +4<<6,/ rqh

vlpso| vshfl�hv k|n� @ �f.��k|.�2k|%
2
| .��k|pd{+3>�%|,21 Pruh jhqhudo JDUFK prghov vxfk

dv Kljjlqv dqg Ehud +4<<5,/ Khqwvfkho +4<<8, dqg Gxdq +4<<:, duh dovr vshfldo fdvhv ri wkh jhqhudo

g|qdplf lq +4,0+7,1

Wkh yrodwlolw| g|qdplf lq +5, dovr lqfoxghv wkh orqj phpru| prgho ri Edloolh/ hw do +4<<9,1 Wr

rewdlq wkhlu ILJDUFK+4/g/4, prgho/ zh vshfli| k|n� @ �f.��k|.^4���O�+4��O,+4�O,_`k|n�%
2
|n�

zlwk O ghqrwlqj wkh odj rshudwru dqg zkhuh 3 � g � 41 Wkh orqj phpru| prghov ri Eroohuvohy

dqg Plnnhovhq +4<<9, dqg PfFxug| dqg Plfkdxg +4<<9, duh dovr vshfldo fdvhv ri wkh jhqhudo

yrodwlolw| g|qdplf1 Wkh JDUFK prgho zlwk k|vwhuhvlv h�hfw sursrvhg e| Furxk| dqg Urfnlqjhu

+4<<:, fdq eh fdswxuhg e| wkh g|qdplf lq +5,1 D vlpsoh yhuvlrq ri wkh QJDUFK zlwk k|vwhuhvlv

fdq/ iru h{dpsoh/ eh irupxodwhg dv k|n� @ �f . ��k| . �2k|+%| � f�,
2 . +��"t0�:S2c|3&n�$�$|� .

�e"t0�	S2c|3&n�$�$|�,+
S|

�'|3&n� %� � nf2,
2 zkhuh "tu� ghqrwhv wkh lqglfdwru ixqfwlrq1

Wkh JDUFK rswlrq sulflqj prgho dv ghulyhg lq Gxdq +4<<8, fulwlfdoo| uholhv rq wkh dvvxpswlrq

wkdw wkh dvvhw uhwxuqv h{klelw frqglwlrqdoo| orjqrupdo glvwulexwlrqv +ru frqglwlrqdo qrupdolw| iru

wkh frqwlqxrxvo| frpsrxqghg uhwxuq,1e Zlwk frqglwlrqdoo| ohswrnxuwlf dvvhw uhwxuq lqqrydwlrqv/
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rqh vhhpv wr qhhg dq hqwluho| gl�huhqw dssurdfk wr rswlrq sulflqj1 Wkh nh| wr rxu ghulydwlrq lq wklv

sdshu lv wr uhfrjql}h wkdw wkh dssurdfk ri Gxdq +4<<8, uhpdlqv hvvhqwldoo| ydolg zkhq frqglwlrqdo

qrupdolw| lv uhvwruhg e| wudqvirupdwlrq1

Ohw !+�, ghqrwh wkh vwdqgdug qrupdo glvwulexwlrq ixqfwlrq1 D rqh0wr0rqh wudqvirupdwlrq fdq

eh ghvljqhg lq vxfk d zd| wkdw lw frqyhuwv %| wr d vwdqgdug qrupdo udqgrp yduldeoh1D Wkh ghvluhg

wudqvirupdwlrq lv jlyhq lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 41 +Frqglwlrqdo qrupdolw| e| wudqvirupdwlrq,

�+%|, � !3�^G+%|,` +8,

lv/ frqglwlrqdo rq I|3�/ d vwdqgdug qrupdo udqgrp yduldeoh zlwk uhvshfw wr phdvxuh S 1

Vlqfh wkh surri iru Sursrvlwlrq 4 lv idluo| lqwxlwlyh/ zh vnls wkh irupdo surri dqg lqvwhdg surylgh d

vnhwfk ri wkh lghd1 Wkh lghd uhvhpeohv wkh surfhvv ri jhqhudwlqj qrupdo udqgrp qxpehuv1 Vwdqgdug

qrupdo udqgrp qxpehuv fdq eh jhqhudwhg e| soxjjlqj xqlirupo| glvwulexwhg udqgrp qxpehuv lqwr

wkh lqyhuvh ri wkh vwdqgdug qrupdo glvwulexwlrq ixqfwlrq1 Vlqfh %| kdv d frqwlqxrxv glvwulexwlrq ryhu

lwv frqqhfwhg vxssruw/ G+%|, pxvw eh d S 0xqlirup udqgrp yduldeoh zlwk vxssruw ^3> 4`1 Lqyhuwlqj

wkh xqlirupo| glvwulexwhg udqgrp yduldeoh/ G+%|,/ e| wkh vwdqgdug qrupdo glvwulexwlrq ixqfwlrq

wkxv fuhdwhv d S 0vwdqgdug qrupdo udqgrp yduldeoh1 Wkh wudqvirupdwlrq lq +8, lv d rqh0wr0rqh

uhodwlrqvkls ehfdxvh ri wkh prqrwrqlflw| ri !+�, dqg wkh glvwulexwlrqdo dvvxpswlrqv iru %|1

Lq wkh frqwlqxrxv0wlph frpsohwh pdunhw rswlrq sulflqj olwhudwxuh/ wkh sulflqj phdvxuh lv re0

wdlqhg e| wkh xvh ri wkh Jluvdqry wkhruhp dqg e| wkh dvvxpswlrq ri frqwlqxrxv wudglqj +vhh/ iru

h{dpsoh/ Kduulvrq dqg Solvnd/ 4<;4,1 Lq wkh glvfuhwh0wlph JDUFK iudphzrun/ Gxdq +4<<8, fkdu0

dfwhul}hg wkh frqglwlrqv xqghu zklfk wkh htxloleulxp sulfh phdvxuh fdq eh uhjdughg dv d orfdoo|

ulvn0qhxwudol}hg suredelolw|1 Iroorzlqj wkh dssurdfk ri Gxdq +4<<8,/ zh prgli| wkh orfdo ulvn0

qhxwudo ydoxdwlrq sulqflsoh wr vxlw wkh fxuuhqw vhwwlqj ri frqglwlrqdo qrq0qrupdolw|1 Zh frqvlghu

wzr duelwudu| �qlwh lqwhjhu wlph srlqwv w, dqg w� vxfk wkdw w, ? w�1 Wkhvh wzr �qlwh wlph srlqwv

duh xvhg wr hqvxuh wkh h{lvwhqfh ri wkh orfdoo| ulvn0qhxwudol}hg sulflqj phdvxuh1 Vlqfh wkh| duh

duelwudu|/ dq| rswlrq sulflqj krul}rq ri lqwhuhvw fdq eh fryhuhg e| d vxlwdeoh fkrlfh ri w, dqg w�1

Ohw X+F|, dqg F| ghqrwh wkh vwulfwo| lqfuhdvlqj xwlolw| ixqfwlrq ri wkh uhsuhvhqwdwlyh djhqw dqg

wkh djjuhjdwh frqvxpswlrq dw wlph w/ uhvshfwlyho|/ lq d wlph vhsdudeoh dqg dgglwlyh h{fkdqjh hfrq0

rp|1 Wkh lpsdwlhqfh idfwru lv ghqrwhg e| sdudphwhu �1 Wkh vwdqgdug h{shfwhg xwlolw| pd{lpl}dwlrq

dujxphqw ohdgv wr wkh iroorzlqj Hxohu htxdwlrq=

Z|3� @ H� ^h34
X �+F|,

X �+F|3�,
+Z| .G|,mI|3�`> +9,

iru dq| wudghg �qdqfldo dvvhw zkrvh sulfh dqg glylghqg dw wlph w duh ghqrwhg e| Z| dqg G|1 Wr

hqvxuh wkdw h{lvwhqfh ri wkh h{shfwdwlrq wkh sulfh dqg glylghqg fruuhvsrqglqj wr wkh dvvhw dqg wkh

ThLUittit� �Lhi tTiU��U@**)c |�i Th�Ui _)?@4�U Mi|�ii? @?) |�L @_�@Ui?| _�tUhi|i |�4i TL�?|t �t @ UL?t|@?| �L*@|�*�|)

_�g�t�L?� A�i L?i�Tih�L_ @tti| hi|�h? �? |�i�h 4L_i* �t |��t UL?_�|�L?@**) *L}?Lh4@**) _�t|h�M�|i_� �4�? @?_ �}

E�bbe� _�hiU|*) @tt�4i_ @ �L�?|*) *L}?Lh4@* UL?_�|�L?@* _�t|h�M�|�L? uLh |�i @tti| hi|�h? @?_ t|@|i Th�Ui� A�i�h

@TThL@U� U*i@h*) ThiU*�_it UL?_�|�L?@* *iT|L!�h|Lt�t�
DA�@?!t |L +L?@*_ B@**@?| uLh TL�?|�?} L�| t�U� @ |h@?tuLh4@|�L?�
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pdujlqdo udwh ri vxevwlwxwlrq duh uhtxluhg wr kdyh �qlwh vhfrqg prphqwv/ frqglwlrqdo rq I|, dqg

xqghu phdvxuh S 1 Zh duh qrz uhdg| wr gh�qh wkh htxloleulxp sulflqj phdvxuh1

Sursrvlwlrq 51 +Htxloleulxp +ru orfdoo| ulvn0qhxwudol}hg, sulflqj phdvxuh,

Gh�qh d phdvxuh T ryhu wkh wlph lqwhuydo ^w,> w�` dv

gT @ h{s^��+w� � w,, .

|�[
r'|,n�

+ur3�cr . oq
X �+Fr,

X �+Fr3�,
,`gS> +:,

zkhuh u|c|n� ghqrwhv wkh rqh0shulrg ulvn0iuhh lqwhuhvw udwh +frqwlqxrxvo| frpsrxqghg, dw wlph

w1 Wkhq/ phdvxuh T vdwlv�hv wzr frqglwlrqv=

+l, T lv d suredelolw| phdvxuh>

+ll, iru w, . 4 � w � w�/ frqvlghu dq| wudghg dvvhw zkrvh wlph0w sulfh lv ghqrwhg e| Z| dqg

glylghqg dw wlph w e| G|1 Li H
�i+Z| .G|,

2mI|,j ? 4 dqg H�i+ L �E�|�
L �E�|3��

,2mI|,j ? 4/ wkhq

lwv wlph0+w� 4, sulfh htxdov

Z|3� @ h3o|3�c|H' i+Z| .G|,mI|3�j = +;,

Wkh htxloleulxp sulflqj phdvxuh lv htxlydohqw wr wkh qrwlrq ri wkh Duurz0Gheuhx vwdwh sulfh

ghqvlw|/ dowkrxjk wkh pdunhw dqdo|}hg lq wklv sdshu lv lqkhuhqwo| lqfrpsohwh1 Lq d frpsohwh0pdunhw

vhwxs/ wkh vshfl�f irup ri wkh xwlolw| ixqfwlrq lv qrw lpsruwdqw ehfdxvh wkh wudghg dvvhw sulfhv duh

vx�flhqw iru lghqwli|lqj wkh vwdwh sulfh ghqvlw|1 Lq rxu vhwxs/ krzhyhu/ rqh pxvw uho| rq ixuwkhu

dvvxpswlrq rq suhihuhqfhv dqg djjuhjdwh frqvxpswlrq wr fkdudfwhul}h wkh sulflqj v|vwhp1 Khuh/

zh jhqhudol}h wkh orfdo ulvn0qhxwudo ydoxdwlrq sulqflsoh hvwdeolvkhg lq Gxdq +4<<8,1

Gh�qlwlrq1 +Jhqhudol}hg orfdo ulvn0qhxwudo ydoxdwlrq uhodwlrqvkls/ JOUQYU,

Wkh htxloleulxp sulflqj phdvxuhT/ gh�qhg ryhu ^w,> w�`/ lv vdlg wr vdwlvi| wkh jhqhudol}hg orfdo

ulvn0qhxwudo ydoxdwlrq uhodwlrqvkls +JOUQYU, li/ iru w, � w � w� � 4/

+l, phdvxuh T lv pxwxdoo| devroxwho| frqwlqxrxv zlwk uhvshfw wr phdvxuh S >

+ll, wkhuh h{lvwv d suhglfwdeoh surfhvv �| vxfk wkdw �+%|n�,.�|n�/ frqglwlrqdo rq I|/ lv d vwdqgdug

qrupdo udqgrp yduldeoh zlwk uhvshfw wr phdvxuh T>

+lll, H'if|n�

f|
. g|n�mI|j @ h{s+u|c|n�,1

Wkh �uvw frqglwlrq lv gxh wr d whfkqlfdo uhtxluhphqw wkdw wzr suredelolw| phdvxuhv djuhh rq

wkh hyhqwv ri phdvxuh }hur1 Wkh vhfrqg frqglwlrq vwdwhv wkdw ulvn0qhxwudol}dwlrq kdv dq lqyduldqfh

surshuw| zklfk phdqv wkdw wkh qdwxuh ri wkh glvwulexwlrq iru wkh wudqviruphg lqqrydwlrq uhpdlqv

xqfkdqjhg1 Ulvn qhxwudol}dwlrq phuho| fdxvhv wkh wudqviruphg lqqrydwlrq wr xqghujr d vkliw lq

phdq1 Wkh pdjqlwxgh ri phdq vkliw/ l1h1/ �|/ lv ghwhuplqhg e| wkh wklug frqglwlrq1 Wkh suhflvh

h{suhvvlrq ri �| ghshqgv rq wkh wudqvirupdwlrq �+�,/ zklfk lq wxuq lv ghwhuplqhg e| wkh vshfl�f
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glvwulexwlrq dgrswhg iru G+3> 4,1 Phdq vkliw lv wkh vwdqgdug uhvxow lq rswlrq sulflqj zkhq wkh

frqglwlrqdo glvwulexwlrq lv qrupdo1 Iru wkh idploldu gl�xvlrq prgho/ wkh lqqrydwlrq lv gulyhq e| d

Zlhqhu surfhvv zlwk orfdoo| qrupdo glvwulexwlrqv1 Wkh ulvn qhxwudol}dwlrq iru wkdw fodvv ri prghov

lv w|slfdoo| fduulhg rxw e| devruelqj wkh ulvn suhplxp lqwr wkh lqqrydwlrq whup1 Wkh vwdqgdug

pduwlqjdoh sulflqj uhvxow wkhq vxjjhvwv wkdw wkh qhzo| iruphg lqqrydwlrq whup lv djdlq d Zlhqhu

surfhvv +uhodwlyh wr wkh pduwlqjdoh phdvxuh, e| wkh Jluvdqry wkhruhp1 Rxu frqglwlrq lv khqfh

vlplodu wr wkh vwdqgdug uhvxow h{fhsw wkdw wkh devruswlrq lv fduulhg rxw rqo| diwhu wudqviruplqj wkh

lqqrydwlrq whup lqwr d vwdqgdug qrupdo udqgrp yduldeoh1

Rqh pd| dujxh wkdw wkh JOUQYU lv d vhqvleoh jhqhudol}dwlrq ri wkh wudglwlrqdo ulvn0qhxwudo

ydoxdwlrq frqfhsw ehfdxvh wkh gh�qlwlrq kdv dq lqwxlwlyh dsshdo rq lwv rzq1 Zh fkrrvh lqvwhdg wr

surylgh d fodvvlfdo htxloleulxp mxvwl�fdwlrq wr wkh JOUQYU lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 61 +Vx�flhqw frqglwlrqv iru wkh JOUQYU,

Li wkh uhsuhvhqwdwlyh djhqw lv dq h{shfwhg xwlolw| pd{lpl}hu dqg wkh xwlolw| ixqfwlrq lv wlph

vhsdudeoh dqg dgglwlyh/ wkhq wkh JOUQYU krogv xqghu dq| ri wkh iroorzlqj wkuhh frqglwlrqv=

+l, wkh xwlolw| ixqfwlrq lv ri frqvwdqw uhodwlyh ulvn dyhuvlrq dqg fkdqjhv lq wkh orjdulwkplf dj0

juhjdwh frqvxpswlrq/ l1h1/ +oqF|� oqF|3�,/ dqg wkh wudqviruphg dvvhw uhwxuq lqqrydwlrq/ l1h1/

�+%|,/ iroorz d S 0elyduldwh qrupdo glvwulexwlrq/ frqglwlrqdo rq I|3�>

+ll, wkh xwlolw| ixqfwlrq lv ri frqvwdqw devroxwh ulvn dyhuvlrq dqg fkdqjhv lq wkh djjuhjdwh frq0

vxpswlrq/ l1h1/ +F| �F|3�,/ dqg wkh wudqviruphg dvvhw uhwxuq lqqrydwlrq/ l1h1/ �+%|,/ iroorz d

S 0elyduldwh qrupdo glvwulexwlrq/ frqglwlrqdo rq I|3�>

+lll, wkh xwlolw| ixqfwlrq lv olqhdu1

Surri= Vhh Dsshqgl{1

Zh kdyh/ e| dgglqj Sursrvlwlrq 5 wr wkh ghyhorsphqw/ pdgh h{solflw wkh htxloleulxp ydoxdwlrq

surfhvv iru wkh frqwlqjhqw fodlpv wkdw zdv lpsolflw lq wkh JDUFK rswlrq sulflqj wkhru| ghyhorshg

lq Gxdq +4<<8,1 Wkh JOUQYU lv d jhqhudol}dwlrq ri wkh orfdo ulvn0qhxwudo ydoxdwlrq sulqflsoh ri

Gxdq +4<<8,/ zklfk lv lq wxuq d jhqhudol}dwlrq ri wkh ulvn0qhxwudo ydoxdwlrq uhodwlrqvkls ghyhorshg

e| Uxelqvwhlq +4<:9, dqg Euhqqdq +4<:<,1 Rxu vw|oh ri surri gl�huv frqvlghudeo| iurp wkdw ri

Uxelqvwhlq +4<:9, dqg Euhqqdq +4<:<,/ zklfk lv gxh wr wkh frpsoh{lw| uhodwhg wr wkh wlph0ydu|lqj

yrodwlolw|1 Wkh phvvdjh lv/ krzhyhu/ vlplodu wr wkdw ri Uxelqvwhlq +4<:9, dqg Euhqqdq +4<:<,1 Wkdw

lv/ hyhq li wkh dvvhw pdunhw lv lqfrpsohwh/ rqh lv vwloo deoh wr fkdudfwhul}h wkh sulflqj v|vwhp e|

dyrlglqj wkh gl�fxow wdvn ri lghqwli|lqj wkh suhihuhqfh sdudphwhu/ dqg wkhuhiruh uhwdlq wr vrph

h{whqw wkh vlpsolflw| ri Duurz0Gheuhx sulflqj1 Dowkrxjk vrph frqglwlrqv rq wkh xwlolw| ixqfwlrq

dqg wkh djjuhjdwh frqvxpswlrq duh lpsrvhg/ wkhuh lv qr qhhg wr eh sduwlfxoduo| vshfl�f derxw

wkhlu sdudphwhu ydoxhv1 Iru h{dpsoh/ wkh vx�flhqw frqglwlrq lq +l, ri Sursrvlwlrq 6 grhv qrw qhhg

wkh nqrzohgjh ri hlwkhu wkh uhodwlyh ulvn dyhuvlrq frh�flhqw ru wkh glvwulexwlrqdo sdudphwhuv ri wkh

djjuhjdwh frqvxpswlrq1

Dvvxplqj wkdw wkh JOUQYU krogv/ wkh dvvhw uhwxuq surfhvv fdq eh fkdudfwhul}hg e| d vlpsoh

ulvn0qhxwudol}hg g|qdplf1 Wkh iroorzlqj sursrvlwlrq uhvxowv iurp d vxevwlwxwlrq xvlqj wkh v|vwhp

:



lq +4,0+7, dqg wkh gh�qlwlrq ri wkh JOUQYU1 Vlqfh wkh surri lv vrphzkdw reylrxv/ lw lv vnlsshg

khuh1

Sursrvlwlrq 71 +Rswlrq sulflqj v|vwhp,

Dvvxph wkdw wkh JOUQYU krogv1 Iru w, � w � w� � 4/

E+
[|n�

[|
. g|n�> �, @ �|n� .

s
k|n��

3�+]|n� � �|n�, +<,

k|n� @ i+k� > %� >�4 ? � � w> �, +43,

%� @ �3�+]� � �� , li � � w, . 4 +44,

zkhuh ]|n�/ frqglwlrqdo rq I|/ lv d T0vwdqgdug qrupdo udqgrp yduldeoh1 Pruhryhu/ �|n� lv

wkh vroxwlrq wr

H'iE3�+�|n� .
s
k|n��

3�+]|n� � �|n�,> �,mI|j @ h{s+u|c|n�,= +45,

Sursrvlwlrqv 5 dqg 7 wrjhwkhu surylgh dq rshudwlrqdo edvlv iru sulflqj dq| ghulydwlyh fodlp

zulwwhq rq[A 1 Vshfl�fdoo|/ iru dq| frqwlqjhqw fodlp j+[A ,/ rqh fdq eh fhuwdlq wkdw lwv wlph0w ydoxh

htxdov h3oEA3|�H'ij+[A ,mI|j e| sduw +ll, ri Sursrvlwlrq 5 dqg wkh odz ri lwhudwhg h{shfwdwlrqv/ li

wkh lqwhuhvw udwh lv dvvxphg wr eh frqvwdqw1 Vlqfh wkh g|qdplf ri[A zlwk uhvshfw wr phdvxuh T lv

frpsohwho| fkdudfwhul}hg lq Sursrvlwlrq 7/ wkh ydoxdwlrq sureohp uhgxfhv wr wkh wdvn ri frpsxwlqj

h{shfwdwlrq xvlqj wkh v|vwhp lq Sursrvlwlrq 71 Lq dfwxdo lpsohphqwdwlrq/ iru h{dpsoh/ rqh fdq

xvh Prqwh Fduor vlpxodwlrq wr jhqhudwh pdq| vdpsoh sdwkv lq dffrugdqfh zlwk wkh v|vwhp lq

Sursrvlwlrq 7 dqg wkhq wdnh wkh glvfrxqwhg dyhudjh ri wkh frqwudfw sd|r� wr |lhog wkh sulfh iru wkh

ghulydwlyh fodlp lq txhvwlrq1 Li wkh lqwhuhvw udwhv duh vwrfkdvwlf/ wkh ydoxdwlrq uhvxow/ gxh wr wkh

odz ri lwhudwhg h{shfwdwlrqv/ ehfrphv H'ih{s+�SA
r'|n� ur3�cr,j+[A ,mI|j1 D g|qdplf iru lqwhuhvw

udwhv dovr qhhgv wr eh vshfl�hg/ dqg wklv lqwhuhvw udwh g|qdplf pxvw xqghujr ulvn0qhxwudol}dwlrq

ehiruh rswlrq ydoxdwlrq fdq eh lpsohphqwhg1 D vshfl�f prgho shuwdlqlqj wr wkh fdvh ri vwrfkdvwlf

lqwhuhvw udwhv xqghu JDUFK lv dydlodeoh lq Gxdq +4<<9e,1

Wkh rswlrq sulflqj v|vwhp lq Sursrvlwlrq 7 fdq eh frqyhqlhqwo| vshfldol}hg wr gl�huhqw prgho

vshfl�fdwlrqv1 Iru h{dpsoh/ zh fdq dgrsw wkh qrq0olqhdu dv|pphwulf JDUFK+4/4, +QJDUFK,

prgho ri Hqjoh dqg Qj +4<<6, wr ghvfuleh wkh dvvhw sulfh g|qdplf1 Qrwh wkdw wkh QJDUFK+4/4,

prgho lv wkh vwdqgdug olqhdu JDUFK+4/4, prgho zlwk wkh doorzdqfh iru ohyhudjh h�hfw1 Sdudphwhu

f lq wkh iroorzlqj fruroodu| fdswxuhv wkh ohyhudjh h�hfw> wkdw lv/ d srvlwlyh f jlyhv ulvh wr d qhjdwlyh

fruuhodwlrq ehwzhhq wkh lqqrydwlrqv lq wkh dvvhw uhwxuq dqg lwv frqglwlrqdo yrodwlolw|1 Lq rughu wr

vhh wkdw wkh rswlrq sulflqj v|vwhp lq Sursrvlwlrq 7 lv lqghhg d jhqhudol}dwlrq ri wkh JDUFK rswlrq

sulflqj prgho ri Gxdq +4<<8,/ zh frqvlghu wkh frqwlqxrxvo| frpsrxqghg uhwxuq/ l1h1/ � @ 3/ dqg

lpsrvh wkh frqglwlrqdo qrupdolw| dvvxpswlrq rq %|n�/ l1h1/ �+�, lv dq lghqwlw| pdsslqj1

Fruroodu| 41 +QJDUFK+4/4, zlwk frqglwlrqdo qrupdolw|,

;



Li %|n�/ frqglwlrqdo rq I|/ lv d S 0vwdqgdug qrupdo udqgrp yduldeoh/ � @ 3/ dqg

k|n� @ �f . ��k| . �2k|+%| � f,2> +46,

�f A 3> �� � 3> �2 � 3 dqg �� . �2+4 . f2, ? 4> wkhq/ iru w, � w � w� � 4/

oq+
[|n�

[|
. g|n�, @ u|c|n� �

4

5
k|n� .

s
k|n�]|n� +47,

k|n� @ �f . ��k| . �2k|+]| � f� �|,
2 +48,

�| @
�| � u|3�c| .

�
2k|s

k|
+49,

zkhuh ]|n�/ frqglwlrqdo rq I|/ lv d T0vwdqgdug qrupdo udqgrp yduldeoh1

Vlqfh Fruroodu| 4 lv hvvhqwldoo| wkdw ri Gxdq +4<<8, dqg lv lpsolhg e| Sursrvlwlrq 7/ rxu rswlrq

sulflqj v|vwhp fdq eh uhjdughg dv d jhqhudol}hg yhuvlrq ri wkh JDUFK rswlrq sulflqj prgho1

Htxdwlrqv +47,0+49, irup d vhoi0frqwdlqhg v|vwhp dqg fdq/ iru h{dpsoh/ eh xvhg wr sulfh Hxurshdq

rswlrqv e| vlpxodwlrq lq d vwudljkwiruzdug pdqqhu1 Wkh v|vwhp dovr vhuyhv dv wkh wkhruhwlfdo edvlv

iru wkh phwkrgv ghyhorshg e| Ulwfknhq dqg Wuhyru +4<<;, dqg Gxdq dqg Vlprqdwr +4<<;e, iru

sulflqj Dphulfdq rswlrqv lq wkh JDUFK iudphzrun1

Vhyhudo uhfhqw vwxglhv lqglfdwh wkdw wkh frqglwlrqdo yrodwlolwlhv ri pdq| vwrfn lqgh{ uhwxuqv

h{klelw orqj0phpru| surshuw|= vhh iru h{dpsoh/ Edloolh/ hw do +4<<9,/ Eroohuvohy dqg Plnnhovhq

+4<<9, dqg PfFxug| dqg Plfkdxg +4<<9,1 Orqj0phpru| lq yrodwlolw| shuwdlqv wr wkh idfw wkdw

vkrfnv wr frqglwlrqdo yrodwlolw| glh dzd| dw d k|shuerolf/ lqvwhdg ri h{srqhqwldo udwh1 Wkh rswlrq

sulflqj v|vwhp lq Sursrvlwlrq 7 fdq eh dssolhg wr wkh orqj0phpru| JDUFK prghov1 Zh xvh/ dv

dq h{dpsoh/ wkh ILJDUFK+4/g/4, prgho ri Edloolh/ hw do +4<<9, lq wkh iroorzlqj fruroodu|1 Vlplodu

uhvxowv fdq eh rewdlqhg iru rwkhu orqj0phpru| JDUFK prghov1

Fruroodu| 51 +ILJDUFK+4/g/4, zlwk frqglwlrqdo qrupdolw|,

Li %|n�/ frqglwlrqdo rq I|/ lv d S 0vwdqgdug qrupdo udqgrp yduldeoh/ � @ 3/ dqg

k|n� @ �f . ��k| . ^4� ��O� +4� �O,+4�O,_`k|n�%
2
|n�> +4:,

3 � g � 4> �f A 3> �� � 3> dqg 3 � � � 4> wkhq/ iru w, � w � w� � 4/

oq+
[|n�

[|
. g|n�, @ u|c|n� �

4

5
k|n� .

s
k|n�]|n� +4;,

k|n� @ �f . ��k| . ^4� ��O� +4� �O,+4�O,_`k|n�%
2
|n� +4<,

%� @ ]� � �� li � � w, . 4 +53,

�� @
�� � u�3�c� .

�
2k�s

k�
+54,

zkhuh ]|n�/ frqglwlrqdo rq I|/ lv d T0vwdqgdug qrupdo udqgrp yduldeoh1
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Lpsohphqwlqj wkh ILJDUFK rswlrq sulflqj prgho lv pruh frpsolfdwhg ehfdxvh lw uhtxluhv

frqglwlrqlqj rq dq lq�qlwh vhtxhqfh ri odjjhg huuru whupv1S Iru sudfwlfdo uhdvrqv/ krzhyhu/ rqh

pxvw wuxqfdwh wkh lq�qlwh vhtxhqfh dw vrph odujh odj/ vd| 8331 Dowkrxjk Prqwh Fduor vlpxodwlrqv

fdq vwloo eh xvhg wr sulfh rswlrqv/ wkh phwkrgv ghyhorshg e| Ulwfknhq dqg Wuhyru +4<<;, dqg

Gxdq dqg Vlprqdwr +4<<;e, duh qrw dssolfdeoh wr wkh orqj0phpru| JDUFK prgho ehfdxvh wkh

xqghuo|lqj v|vwhp fdqqrw eh h{suhvvhg dv d orz0glphqvlrqdo Pdunry surfhvv1

� �L?_�|�L?@* *iT|L!�h|Lt�t @?_ �L*@|�*�|) t4�*i

Wkhuh duh vhyhudo zd|v ri dqdo|}lqj wkh lpsdfw ri frqglwlrqdo ohswrnxuwrvlv1 Dowkrxjk/ wkh xvh

ri frqglwlrqdo w0glvwulexwlrqv kdv ehhq srsxodu dprqj pdq| uhvhdufkhuv/ lw suhvhqwv d frqfhswxdo

sureohp li lw lv xvhg wr prgho wkh frqwlqxrxvo| frpsrxqghg udwh ri uhwxuq1 Wklv frqfhswxdo

sureohp fdq eh xqghuvwrrg li zh vhw � @ 3 lq Htxdwlrq +4,1 Vxssrvh wkdw wkh lqqrydwlrq whup lq

+4, lv d w0glvwulexwhg udqgrp yduldeoh zlwk � ghjuhhv ri iuhhgrp1 Wklv frpelqdwlrq ri dvvxpswlrqv

lpsolhv wkdw wkh frqwlqxrxv frpsrxqghg udwh ri uhwxuq lv prghohg dv d frqglwlrqdoo| w0glvwulexwhg

udqgrp yduldeoh1 Xqghu wklv dvvxpswlrq/ frpsxwlqj wkh frqglwlrqdo h{shfwhg vlpsoh udwh ri uhwxuq

lv htxlydohqw wr hydoxdwlqj wkh prphqw jhqhudwlqj ixqfwlrq ri d w0glvwulexwhg udqgrp yduldeoh1

Vlqfh wkh prphqw jhqhudwlqj ixqfwlrq ri d w0glvwulexwlrq zlwk dq| �qlwh ghjuhhv ri iuhhgrp grhv

qrw h{lvw/ xvlqj w0glvwulexwlrqv iru dvvhw lqqrydwlrqv dprxqwv wr dvvxplqj dq xqerxqghg h{shfwhg

vlpsoh dvvhw uhwxuq> wkdw lv/ H'ih{s+�|n� .
s
k|n�%|n�,mI|j @ 41 Lqwxlwlyho|/ wklv lpsolfdwlrq

lv fohduo| qrw vhqvleoh1 Whfkqlfdoo|/ lw ylrodwhv wkh �qlwh vhfrqg prphqw frqglwlrq iru wkh dvvhw

sd|r� wkdw zdv uhtxluhg dv lq sduw +ll, ri Sursrvlwlrq 51 Lq vkruw/ xvlqj w0glvwulexwlrqv wr prgho

frqwlqxrxvo| frpsrxqghg dvvhw uhwxuqv lv lqdssursuldwh1

Rqh zd| ri ghdolqj zlwk wkhvh frqfhswxdo dqg whfkqlfdo sureohpv lv wr gluhfwo| xvh w0glvwulexwlrqv

lq ghvfulelqj wkh vlpsoh udwh ri uhwxuq lq rughu wr dyrlg h{srqhqwldwlrq ri wkh w0glvwulexwhg udqgrp

yduldeoh1 Lq whupv ri rxu qrwdwlrq/ wklv dssurdfk dprxqwv wr vhwwlqj � @ 4 lq Htxdwlrq +4,1 Wklv

prgholqj vwudwhj|/ xqiruwxqdwho|/ ghsduwv iurp wkh wudglwlrq ri xvlqj frqwlqxrxvo| frpsrxqghg

uhwxuqv lq wkh ghulydwlyhv sulflqj olwhudwxuh1 Wkh xvh ri w0glvwulexwlrqv wr gluhfwo| prgho wkh vlpsoh

udwh ri uhwxuq dovr shuplwv wkh rffxuuhqfh ri qhjdwlyh dvvhw sulfhv/ zklfk lv qrw d ghvludeoh ihdwxuh

hlwkhu1

Lq wklv vhfwlrq/ zh iroorz wkh wudglwlrq ri prgholqj wkh frqwlqxrxvo| frpsrxqghg udwh ri uhwxuq1

Wr vwxg| wkh h�hfw ri frqglwlrqdo wdlo0idwqhvv/ zh xvh wkh jhqhudol}hg huuru glvwulexwlrq +JHG, dv

lq Qhovrq +4<<4,1 Wkh ghqvlw| ixqfwlrq ri d JHG udqgrp yduldeoh/ diwhu qrupdol}lqj wr |lhog d }hur
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phdq dqg xqlw yduldqfh/ lv

j+}> y, @
y h{s+��

2 m 5# m�,
5E�n�*����+4@y,

iru 3 ? y �4 +55,

zkhuh

� @

#
53

2
��+4@y,

�+6@y,

$�
2

dqg �+�, lv wkh jdppd ixqfwlrq1 Sdudphwhu y ghwhuplqhv wkh wdlo0idwqhvv ri wkh ghqvlw| ixqfwlrq1

Wkh vwdqgdug qrupdo ghqvlw| ixqfwlrq lv d vshfldo fdvh wkdw y @ 51 Iru y A 5/ wkh ghqvlw| ixqfwlrq

kdv d wdlo wklqqhu wkdq wkh qrupdo glvwulexwlrq1 Li y ? 5/ wkh idw0wdlo skhqrphqrq rffxuv1 Wkh

fdvh wkdw y @ 4 |lhogv wkh grxeoh h{srqhqwldo glvwulexwlrq1 Wklv glvwulexwlrq lv ri sduwlfxodu

lqwhuhvw wr xv ehfdxvh H^h{s+t],` ? 4 li mtm ?
s
51 Wklv lpsolhv wkdw li %|n� lv ri wkh JHG zlwk

y @ 4/ H'ih{s+�|n� .
s
k|n�%|n�,mI|j lv vwloo �qlwh iru k|n� ? 51 Lq jhqhudo/ wkh h{shfwhg vlpsoh

uhwxuq h{lvwv li y A 41 Wkxv/ wkh grxeoh h{srqhqwldo glvwulexwlrq lv xvhg dv d erxqg rq wkh vhw ri

shuplvvleoh idw0wdlohg glvwulexwlrqv1 Wkh xvh ri JHG doorzv xv wr dqdo|}h wkh h�hfw ri wdlo0idwqhvv

zlwkrxw ghsduwlqj iurp wkh wudglwlrq ri prgholqj wkh frqwlqxrxvo| frpsrxqghg uhwxuq1.

Iru wkh yrodwlolw| g|qdplf/ zh fkrrvh wr hpsor| wkh QJDUFK+4/4, prgho vr wkdw wkh h�hfw ri

ohyhudjh lq frqmxqfwlrq zlwk rwkhu idfwruv fdq eh dqdo|}hg1 Wkh rswlrq sulflqj v|vwhp lq Sursrvlwlrq

7 fdq eh vshfldol}hg wr wkh fdvh ri JHG dv iroorzv1

Fruroodu| 61 +QJDUFK+4/4, zlwk frqglwlrqdo ohswrnxuwrvlv,

Li %|n�/ frqglwlrqdo rq I| dqg zlwk uhvshfw wr phdvxuh S / lv d JHG udqgrp yduldeoh zlwk

y A 4/ � @ 3/ dqg

k|n� @ �f . ��k| . �2k|+%| � f,2> +56,

�f A 3> �� � 3> �2 � 3 dqg �� . �2+4 . f2, ? 4> wkhq/ iru w, � w � w� � 4/
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h{si

s
k|n�J

3�^!+]|n� � �|n�,> y`jmI|

�l
.s

k|n�J
3�^!+]|n� � �|n�,> y` +57,

k|n� @ �f . ��k| . �2k|
�
J3�^!+]| � �|,> y`� f

�2
+58,

zkhuh ]|n�/ frqglwlrqdo rq I|/ lv d T0vwdqgdug qrupdo udqgrp yduldeoh/ dqg J3�^�> y` vwdqgv
iru wkh lqyhuvh JHG fxpxodwlyh glvwulexwlrq ixqfwlrq zlwk sdudphwhu y1
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Wkh rswlrq sulflqj v|vwhp lq Fruroodu| 6 orrnv frqvlghudeo| pruh frpsolfdwhg zkhq frpsduhg wr

wkh fdvh ri frqglwlrqdo qrupdolw| lq Fruroodu| 41 Wkh frpsoh{lw|/ ri frxuvh/ dulvhv iurp frqglwlrqdo

ohswrnxuwrvlv1 Vshfl�fdoo|/ wkh ixqfwlrqv J+�, +fruuhvsrqglqj wr wkh JHG, dqg !+�, +fruuhvsrqglqj
wr wkh vwdqgdug qrupdo glvwulexwlrq, duh gl�huhqw vr wkdw J3�+�, dqg !+�, gr qrw fdqfho hdfk

rwkhu1 Wkh suhvhqfh ri ulvn suhplxp sdudphwhu �| ixuwkhu frpsolfdwhv wkh pdwwhu1 Dowkrxjk wkh

rswlrq sulflqj v|vwhp zlwk frqglwlrqdo ohswrnxuwrvlv lv dqdo|wlfdoo| frpsolfdwhg/ lw lv vwloo frpsohwho|

fkdudfwhul}hg dv d vhoi0frqwdlqhg sulflqj v|vwhp dqg fdq eh qxphulfdoo| lpsohphqwhg e| Prqwh

Fduor vlpxodwlrq1

Iru vlpsolflw|/ zh dvvxph lq wklv vhfwlrq wkdw wkh dvvhw ulvn suhplxp �| dqg u|3�c| duh frqvwdqw1

Li lqwhuhvw udwhv duh vwrfkdvwlf/ wkh ydoxdwlrq sureohp ehfrphv frqvlghudeo| pruh frpsolfdwhg1

Dv glvfxvvhg hduolhu/ d g|qdplf iru lqwhuhvw udwhv zloo qhhg wr eh vshfl�hg/ dqg wklv lqwhuhvw udwh

g|qdplf pxvw dovr xqghujr ulvn0qhxwudol}dwlrq ehiruh rswlrq ydoxdwlrq fdq eh lpsohphqwhg1 D

Hxurshdq fdoo rswlrq zlwk pdwxulw| � dqg h{huflvh sulfh N kdv d wlph0w wkhruhwlfdo sulfh htxdo wr

h3o�H'^pd{+[|n� �N>3,mI|`1 Wklv sulfh fdq eh qxphulfdoo| dvvhvvhg e| uhshdwlqj wkh iroorzlqj

hpslulfdo pduwlqjdoh Prqwh Fduor vlpxodwlrq vwhsv=H

41 Lghqwli| dq revhuydeoh wzr0glphqvlrqdo vx�flhqw vwdwlvwlf dw wlph w > wkdw lv +[|> k|n�,1

51 JhqhudwhQ vwdqgdug qrupdo udqgrp qxpehuv/]
E��
|n�> l @ 4> � � � >Q / wr dgydqfh wkh g|qdplfv lq

+57, dqg +58, wr wlph w.4/ dqg wkhq pdnh dq hpslulfdo pduwlqjdoh dgmxvwphqw1 +Vshfl�fdoo|/

zh �uvw frpsxwh wkh glvfrxqwhg vdpsoh dyhudjh ri vlpxodwhg dvvhw sulfh iru wlph w . 4/ dqg

wkhq pxowlso| hdfk ri wkh Q vlpxodwhg dvvhw sulfhv e| wkh udwlr ri wkh lqlwldo dvvhw sulfh ryhu

wkh glvfrxqwhg dyhudjh1 Wklv dgmxvwphqw hqvxuhv wkdw wkh vlpxodwhg vdpsoh kdv dq hpslulfdo

pduwlqjdoh surshuw|1,

61 Uhshdw vwhsv 4~5 xqwlo duulylqj dw Q vlpxodwhg dvvhw sulfhv/ [
E��
|n� > l @ 4> � � � >Q 1

71 Frpsxwh hdfk ri Q rswlrq sd|r�v1 Dyhudjh Q rswlrq sd|r�v/ dqg glvfrxqw wkh dyhudjh/

xvlqj wkh ulvn0iuhh udwh/ edfn wr wkh wlph ri rswlrq ydoxdwlrq1

Iru wkh qxphulfdo dqdo|vhv uhsruwhg lq wklv vhfwlrq/ zh xvh 43/333 Prqwh Fduor vdpsoh sdwkv1

Wkh qxphulfdo surfhgxuh iru hydoxdwlqj !+�, lv d vwdqgdug rqh1 Iru J3�^�> y` dqg H'+h{si
s
k|n�

J3�^!+]|n� � �,> y`jmI|,/ wkh surfhgxuhv duh ghvfulehg lq Dsshqgl{1

Zh frqgxfw d qxphulfdo dqdo|vlv wr h{dplqh wkh Eodfn0Vfkrohv lpsolhg yrodwlolw| vploh sdwwhuq

h{klelwhg e| wkh JDUFK rswlrq sulfhv xqghu wkh lq�xhqfh ri frqglwlrqdo ohswrnxuwrvlv1 Wklv

dqdo|vlv lv shuiruphg e| frpsxwlqj wkh jhqhudol}hg JDUFK rswlrq sulfhv iru d jurxs ri rswlrq

frqwudfwv dqg wkhq frqyhuwlqj wkhlu sulfhv lqwr wkh fruuhvsrqglqj Eodfn0Vfkrohv lpsolhg yrodwlolwlhv1

Wklv sudfwlfh lv vlplodu wr wkh w|slfdo hpslulfdo dssurdfk ri wdnlqj wkh pdunhw sulfh ri dq rswlrq dqg

frqyhuwlqj lw lqwr wkh Eodfn0Vfkrohv lpsolhg yrodwlolw|1 Wkh gl�huhqfh ehwzhhq rxu xvh lq wklv sdshu

HA�i i4T�h�U@* 4@h|�?}@*i t�4�*@|�L? 4i|�L_ �@t _i�i*LTi_ M) #�@? @?_ 5�4L?@|L E�bbH@�� A��t t�4�*@|�L?

4i|�L_ �@t Mii? t�L�? |L Mi 4�U� 4Lhi i�U�i?| MiU@�ti �| |@!it @_�@?|@}i Lu |�i u@U| |�@| |�i _�tUL�?|i_ @tti|

Th�Ui �t @ 4@h|�?}@*i �?_ih |�i h�t!�?i�|h@* ThLM@M�*�|) 4i@t�hi� A�i i4T�h�U@* 4@h|�?}@*i t�4�*@|�L? 4i|�L_ U@?

@*tL i?t�hi |�@| LT|�L? Th�U�?} ML�?_t @hi hitTiU|i_� A��t ThLTih|) �t T@h|�U�*@h*) �tiu�* uLh |��t T@Tih MiU@�ti |�i

�*@U!�5U�L*it �4T*�i_ �L*@|�*�|) U@??L| Mi UL4T�|i_ �u LT|�L? Th�U�?} ML�?_t @hi ��L*@|i_ M) @ Th�Ui it|�4@|i�

45



dqg wkh hpslulfdo vwxglhv lq wkh rswlrq olwhudwxuh lv wkdw wkh sulfhv duh jhqhudwhg e| d wkhruhwlfdo

prgho lqvwhdg ri wkh dfwxdo pdunhw sulfhv ri rswlrqv1 Wkh xvh ri wkh Eodfn0Vfkrohv lpsolhg yrodwlolw|

wr vwxg| rswlrq pdunhwv lv d frpprq sudfwlfh lq wkh olwhudwxuh> iru h{dpsoh/ Uxelqvwhlq +4<;8,/

Vkhlnk +4<<4,/ Fdqlqd dqg Iljohzvnl +4<<6, dqg Gxdq +4<<9d,1

Wr hvwlpdwh wkh QJDUFK+4/4, prgho zlwk wkh frqglwlrqdo JHG/ wklv vwxg| xvhv wkh V)S 833

lqgh{ gdlo| uhwxuqv +frqwlqxrxvo| frpsrxqghg, iurp Mdqxdu| 6/ 4<<7 wr Pdufk 4</ 4<<:/ wrwdolqj

;6; revhuydwlrqv1 Wkh hvwlpdwlrq lv fduulhg rxw e| uhvwulfwlqj wkh frqglwlrqdo phdq wr d frqvwdqw/ d1

Wklv vshfl�fdwlrq iru wkh frqglwlrqdo phdq pdnhv wkh hvwlpdwlrq hdvlhu/ exw ohdyhv wkh sdudphwhu�

xqlghqwl�hg1 Wr eh frpsohwho| frqvlvwhqw zlwk Fruroodu| 6/ wkh frqglwlrqdo phdq �|n� vkrxog htxdo

u � oq
k
H'

�
h{si

s
k|n�J

3�^!+]|n� � �,> y`jmI|

�l
1 Vxfk d txdqwlw| fdq eh qxphulfdoo| hydoxdwhg

zkhq sdudphwhu ydoxhv duh nqrzq1 Lw/ krzhyhu/ ehfrphv h{wuhpho| ghpdqglqj lq frpsxwlqj wlph

li rqh qhhgv wr uhshdw wkh surfhgxuh lq vhdufk ri wkh pd{lpxp olnholkrrg sdudphwhu hvwlpdwhv1 Rxu

hpslulfdo hvwlpdwlrq edvhg rq wkh uhvwulfwhg prgho surgxfhv wkh pd{lpxp olnholkrrg sdudphwhu

hvwlpdwhv dqg wkh vwdqgdug huuruv lq wkh iroorzlqj wdeoh1

Wdeoh 41 Wkh hvwlpdwhg JDUFK dqg frqglwlrqdo wdlo0idwqhvv sdudphwhuv xvlqj wkh

V)S 833 lqgh{ gdlo| uhwxuqv iurp Mdqxdu| 6/ 4<<7 wr Pdufk 4</ 4<<:1

Sdudphwhu Hvwlpdwh Vwdqgdug huuru

d 9=93;3� 433e 4=57;;� 433e

�f 5=995:� 433S 4=5;:6� 433S

�� 3=;565 3=39:8

�2 3=38;5 3=34<<

f 3=<;7< 3=74;7

y 4=595: 3=3;9<

Wkh sdudphwhu y ghwhuplqhv wkh h{whqw ri frqglwlrqdo wdlo0idwqhvv1 D vpdoohu ydoxh iru y lpsolhv

idwwhu wdlov1 Zh frqvlghu wkuhh ydoxhv iru y= 4/ 5 dqg 4=595:/ zlwk wkh odvw ydoxh ehlqj wkh sdudphwhu

hvwlpdwh rewdlqhg lq wkh hpslulfdo dqdo|vlv1 Uhfdoo wkdw y @ 4 jlyhv ulvh wr wkh grxeoh h{srqhqwldo

glvwulexwlrq1 Iru y @ 5/ wkh dvvhw uhwxuq lqqrydwlrq ehfrphv qrupdoo| glvwulexwhg1 Wkh dfwxdo

sdudphwhu hvwlpdwh iru y dw 4=595: lpsolhv d idw0wdlohg glvwulexwlrq1

Wkh rswlrq pdwxulw| iru rxu qxphulfdo dqdo|vhv lv vhw wr wkuhh prqwkv +96 wudglqj gd|v, dqg odwhu

wr vl{ prqwkv +459 wudglqj gd|v,1 Wkh lqwhuhvw udwh lv �{hg dw 3( vr wkdw wkhuh lv qr dpeljxlw| dv

wr zkhwkhu dq rswlrq lv dw0wkh0prqh|1 Wr frqvhuyh vsdfh/ zh rqo| frqvlghu wkh fdvh wkdw wkh lqlwldo

frqglwlrqdo yrodwlolw| lv htxdo wr wkh vwdwlrqdu| vwdqgdug ghyldwlrq xqghu phdvxuh S 1 Vlplodu wr

Wkhruhp 614 ri Gxdq +4<<8,/ wkh vwdwlrqdu| vwdqgdug ghyldwlrq ri wkh prgho fdq eh vkrzq wr htxdos
�f^4� �� � �2+4 . f2,`3�1 Wkh sdudphwhu ydoxhv lq Wdeoh 4 |lhog d vwdwlrqdu| vwdqgdug ghyldwlrq

+dqqxdol}hg, htxdo wr 4317(1 Wkh frpsdulvrq lv uhshdwhg iru gl�huhqw prqh|qhvv srvlwlrqv zklfk

duh h{suhvvhg dv d udwlr ri wkh h{huflvh sulfh wr wkh xqghuo|lqj dvvhw sulfh1

Wkh uhvxowv duh vxppdul}hg lq Iljxuhv 4071 Iljxuh 4 uhsruwv wkh lpsolhg yrodwlolw| fxuyhv

fruuhvsrqglqj wr wkuhh gl�huhqw ydoxhv ri y zlwk wkh ulvn suhplxp sdudphwhu � vhw wr 31 Doo

rwkhu sdudphwhuv duh dw wkhlu hvwlpdwhg ydoxhv1 Wkh w|slfdo yrodwlolw| vploh sdwwhuq hphujhv1 Wkh
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h�hfw ri frqglwlrqdo ohswrnxuwrvlv lv lqwhuhvwlqj1 Li frqglwlrqdo ohswrnxuwrvlv lqfuhdvhv/ wkh lpsolhg

yrodwlolw| ehfrphv kljkhu iru wkh rxw0ri0wkh0prqh| rswlrqv/ exw kdv olwwoh h�hfw rq rwkhu rswlrqv1

Wkh grzqzdug vorslqj ihdwxuh ri wkhvh fxuyhv lv sulpdulo| d uhvxow ri d srvlwlyh ohyhudjh sdudphwhu/

l1h1/ f @ 3=<;7<1 Dowkrxjk qrw uhsruwhg khuh/ d qhjdwlyh f zloo fdxvh wkh yrodwlolw| vploh fxuyh wr

vorsh xszdugv1 Li wkh rswlrq pdwxulw| lv lqfuhdvhg wr vl{ prqwkv/ frqglwlrqdo ohswrnxuwrvlv kdv olwwoh

lpsdfw rq wkh ohyho ri lpsolhg yrodwlolw| +vhh Iljxuh 5,1 Dq lqfuhdvh lq pdwxulw| kdv wkh h�hfw ri

�dwwhqlqj wkh yrodwlolw| vploh fxuyh/ krzhyhu1 Wklv pdwxulw| h�hfw lv vlplodu wr wkdw hvwdeolvkhg

hduolhu e| Gxdq +4<<8,/ dqg lv frqvlvwhqw zlwk wkh hpslulfdo hylghqfh grfxphqwhg lq wkh olwhudwxuh1

Fruroodu| 6 fdq eh uhgxfhg wr Fruroodu| 4 zkhq frqglwlrqdo qrupdolw| lv dvvxphg/ l1h1/ y @ 51

Lq vxfk d fdvh/ wkh xqlw ulvn suhplxp ri wkh dvvhw uhwxuq/ �/ fdq eh gluhfwo| dgghg wr wkh ohyhudjh

sdudphwhu/ f/ wr ghwhuplqh wkh ryhudoo ohyhudjh h�hfw xqghu wkh orfdoo| ulvn0qhxwudol}hg suredelolw|

phdvxuh T1 Wklv uhvxow vxjjhvwv wkdw iru rswlrq sulflqj/ hlwkhu d srvlwlyh xqlw ulvn suhplxp ru wkh

suhvhqfh ri ohyhudjh h�hfw fdq surgxfh d grzqzdug vnhzhg yrodwlolw| vploh sdwwhuq1 Lq rwkhu zrugv/

wkh fxuyh lq hlwkhu Iljxuh 4 ru 5/ fruuhvsrqglqj wr frqglwlrqdo qrupdolw|/ fdq dovr eh surgxfhg

zkhq f @ 3 exw � @ 3=<;7<1

Frqglwlrqdo ohswrnxuwrvlv/ krzhyhu/ ghvwur|v wklv dgglwlylw|1 Iljxuhv 6 dqg 7 duh suhvhqwhg wr

vwxg| lwv h�hfwv1 Lq Iljxuh 6/ zh vhw erwk wkh ulvn suhplxp sdudphwhu/ �/ dqg ohyhudjh sdudph0

whu/ f/ wr 31 Vlqfh f d�hfwv wkh pdjqlwxgh ri wkh vwdwlrqdu| yduldqfh xqghu phdvxuh S / zh pxvw

pdnh d frpshqvdwlqj dgmxvwphqw wr sdudphwhu �f vr wkdw wkh vwdwlrqdu| yduldqfh fdq uhpdlq xq0

fkdqjhg diwhu f lv dowhuhg1 Wkh yrodwlolw| vploh fxuyh fruuhvsrqglqj wr wkh JHG zlwk wkh hvwlpdwhg

wdlo0idwqhvv sdudphwhu ydoxh lv idluo| �dw iru prvw sduw1 Wkh fxuyh fruuhvsrqglqj wr frqglwlrqdo

qrupdolw| lv orzhu iru erwk lq0wkh0prqh| dqg rxw0ri0wkh0prqh| rswlrqv1 Lq rwkhu zrugv/ wkh h�hfw

ri frqglwlrqdo ohswrnxuwrvlv lv wr lqfuhdvh wkh ydoxh iru lq0wkh0prqh| dqg rxw0ri0wkh0prqh| rswlrqv1

Lq Iljxuh 7/ wkh ohyhudjh sdudphwhu/ f/ frqwlqxhv wr eh }hur zkhuhdv wkh ulvn suhplxp sdudphwhu/

�/ lv lqfuhdvhg wr 3=81 Qrwlfh wkdw wkh vploh fxuyhv duh doo vnhzhg grzqzdugv xqghu wklv vfhqdulr/

zklfk phdqv wkdw wkh vnhzhg vploh qhhg qrw frph iurp wkh ohyhudjh sdudphwhu1 D srvlwlyh ulvn

suhplxp fdq dovr fdxvh wkh yrodwlolw| vploh wr vnhz wrzdug wkh rxw0ri0wkh0prqh| rswlrqv1 Wkh h�hfw

ri frqglwlrqdo ohswrnxuwrvlv grhv vkrz xs surplqhqwo| zkhq frpsduhg wr wkh sdwwhuqv lq Iljxuh

41 Wkh h�hfw ri wkh ulvn suhplxp sdudphwhu gl�huv iurp wkdw ri wkh ohyhudjh sdudphwhu li wkh

dvvhw uhwxuq lqqrydwlrq kdv frqglwlrqdo idw0wdlov1 Zkhq wkh xqghuo|lqj dvvhw frqwdlqv d srvlwlyh ulvn

suhplxp/ idwwhu0wdlov vlpso| pdnh rswlrq pruh ydoxdeoh dfurvv wkh erdug1 Lwv h�hfwv duh sduwlfxoduo|

surqrxqfhg iru lq0wkh0prqh| rswlrqv1

Frpsdulvrq ri Iljxuhv 6 dqg 7 dovr ohdgv wr dqrwkhu lqwhuhvwlqj frqfoxvlrq1 Uhfdoo wkdw wkh

vwdwlrqdu| vwdqgdug ghyldwlrq xqghu wkh gdwd jhqhudwlqj suredelolw| S / edvhg rq wkh hvwlpdwhg

sdudphwhu ydoxhv/ htxdov 4317(1 Wkh lpsolhg yrodwlolwlhv lq Iljxuh 6 duh doo forvh wr wklv ydoxh/

zkhuhdv wkrvh lq Iljxuh 7 duh pxfk kljkhu gxh wr d srvlwlyh �1 Wklv uhvxow lv dfwxdoo| suhglfwhg

e| rxu rswlrq sulflqj wkhru|1 Wklv lv ehfdxvh orfdo ulvn0qhxwudol}dwlrq wudqvirupv wkh g|qdplf ri

frqglwlrqdo yrodwlolw| lq vxfk d zd| wkdw d srvlwlyh � lqfuhdvhv wkh ohyho ri vwdwlrqdu| yrodwlolw|

xqghu phdvxuh T1 Hpslulfdo vwxglhv rq rswlrq sulfhv w|slfdoo| frqfoxgh wkdw wkh lpsolhg yrodwlolw|

lv kljkhu wkdq wkh fruuhvsrqglqj klvwrulfdo yrodwlolw| ru _uhdol}hg% yrodwlolw|1 Wklv nlqg ri hpslulfdo

�qglqjv wkxv ohqgv vxssruw wr wkh rswlrq sulflqj wkhru| ghyhorshg lq wklv sdshu1

Rxu uhvxowv duh sduwlfxoduo| lqwhuhvwlqj zkhq frpsduhg wr Iljxuh 5 ri Uxelqvwhlq +4<<7,1 Ux0
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elqvwhlq*v sorw lv d w|slfdo yrodwlolw| vploh ri wkh V)S833 lqgh{ rswlrqv iru wkh srvw04<;: vwrfn

pdunhw fudvk shulrg/ lq zklfk wkh vploh lv forvh wr ehlqj d vwudljkw olqh1 Uxelqvwhlq +4<<7, dovr

uhihuv wr d sdshu e| Vklpnr +4<<4, zklfk uhsruwhg d yhu| kljk qhjdwlyh fruuhodwlrq ehwzhhq wkh

lpsolhg yrodwlolw| lqqrydwlrq ri wkh V)S433 lqgh{ rswlrq dqg wkh uhwxuq lqqrydwlrq ri wkdw lqgh{

iru wkh srvw0fudvk shulrg ehwzhhq 4<;: dqg 4<;<1 Wkh qhjdwlyh fruuhodwlrq ri wklv vruw fdq eh

ylhzhg dv d uh�hfwlrq ri wkh mrlqw ohyhudjh h�hfw xqghu wkh orfdoo| ulvn0qhxwudol}hg phdvxuh T1 Lq

rxu wkhruhwlfdo iudphzrun/ wkh mrlqw ohyhudjh h�hfw lv fdswxuhg e| d srvlwlyh ydoxh iru f dqg2ru �1

Uxelqvwhlq*v hpslulfdo �qglqj lv wkxv qrw vxusulvlqj iurp wkh vwdqgsrlqw ri wkh JDUFK rswlrq

sulflqj wkhru|1

e �L?U*�t�L?

D jhqhudol}hg JDUFK rswlrq sulflqj prgho lv ghyhorshg lq wklv duwlfoh1 Wklv jhqhudol}hg wkhru|

doorzv iru frqglwlrqdo ohswrnxuwrvlv dqg pdq| rwkhu zhoo0grfxphqwhg ihdwxuhv ri wkh dvvhw uhwxuq

g|qdplfv1 Wkh JDUFK rswlrq sulflqj prgho ri Gxdq +4<<8, ehfrphv d vshfldo fdvh ri rxu prgho1

Lpsruwdqwo|/ rxu prgho r�huv dgglwlrqdo �h{lelolw| lq d sduvlprqlrxv pdqqhu lq ghvfulelqj wkh

yrodwlolw| vploh skhqrphqrq1

Wkh delolw| ri wkh jhqhudol}hg JDUFK rswlrq sulflqj prgho wr ghvfuleh wkh revhuyhg yrodwlo0

lw| vploh lv lpsruwdqw1 Lw frqvwlwxwhv d pruh frpsuhkhqvlyh wkhruhwlfdo prgho dqg ohdgv wr pdq|

qhz wkhruhwlfdo lqvljkwv1 Wklv rswlrq sulflqj prgho fdq dovr eh xvhg wr jhqhudwh uhdvrqdeoh lp0

solhg ulvn0qhxwudol}hg suredelolwlhv1 Vlplodu wr Vklpnr +4<<6, dqg Uxelqvwhlq +4<<7,/ wkhvh lpsolhg

ulvn0qhxwudol}hg suredelolwlhv fdq eh xvhg wr sulfh h{rwlf rswlrqv dqg iru dfklhylqj ehwwhu khgjlqj

srvlwlrqv1 Lq d olplwhg0vfdoh vwxg| e| Gxdq +4<<9d,/ wkh JDUFK sulflqj prgho zlwk frqglwlrqdo

qrupdolw| kdv ehhq irxqg wr eh vxffhvvixo lq ghvfulelqj wkh yrodwlolw| vploh ri wkh IW0VH 433 lqgh{

rswlrqv1 Dq h{sorudwlrq ri sudfwlfdo ehqh�wv ri wklv jhqhudol}hg JDUFK rswlrq sulflqj prgho lv

ohiw iru ixwxuh uhvhdufk1

D �TTi?_� 

Surri ri Sursrvlwlrq 51

+l, Lw lv fohdu wkdw T lv d srvlwlyh phdvxuh ehfdxvh pdujlqdo xwlolw| lv e| gh�qlwlrq srvlwlyh1 Zh

qhhg wr vkrz wkdw
U
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�
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�
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Wkdw lv/ rqh groodu sd|deoh dw wlph w� kdv lwv wlph0+w� � 4, ydoxh htxdo wr h{s+�u|�3�c|�,1

Frqwlqxlqj wkh surfhvv/ rqh rewdlqv
U
4gT @ 41

+ll, Xvlqj wkh dvvhw sulflqj htxdwlrq lq +9, zh rqo| qhhg wr vkrz
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Lw iroorzv wkdw *| @ 4 iru dq| w e| wkh dujxphqw lghqwlfdo wr sduw +l,1 Frqvlghu dq| erxqghg

I|3�0phdvxudeoh ixqfwlrq s|3�1 E| wkh gh�qlwlrq ri frqglwlrqdo h{shfwdwlrq dqg phdvxuh T/
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Vlqfh s|3� lv dq| erxqghg I|3�0phdvxudeoh ixqfwlrq/ lw iroorzv wkdw

H' ^+Z| .G|,mI|3�` @ H�

�
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Wklv lq wxuq lpsolhv
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+Z| .G|,mI|3�
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Qrwh wkdw H�
q
h34

L �E�|�
L �E�|3��

+Z| .G|,mI|3�

r
lv �qlwh ehfdxvh wkh Fdxfk|0Vfkzdu} lqhtxdolw|

dqg wkh �qlwh vhfrqg prphqwv frqglwlrq jlyhq lq wkh vwdwhphqw ri wkh sursrvlwlrq1 Wkh surri

lv wkxv frpsohwh1�

Surri ri Sursrvlwlrq 61

Lw lv fohdu wkdw phdvxuh T lv pxwxdoo| devroxwho| frqwlqxrxv zlwk uhvshfw wr phdvxuh S 1 Wr

suryh wkh uhpdlqlqj wzr uhtxluhphqwv duh phw/ zh xvh wkh iroorzlqj lqwhuphgldwh ohppd1

Ohppd1 Ohw \| @ oq
L �E�|�

L �E�|3��
1 Li \| dqg �+%|, kdyh d elyduldwh qrupdo glvwulexwlrq xqghu phdvxuh

S dqg frqglwlrqdo rq I|3�/ wkhq

+d, H'+ f|

f|3�
. g|mI|3�, @ h{s+u|3�c|,/ dqg

+e, wkhuh h{lvwv d suhglfwdeoh surfhvv �| vxfk wkdw �+%|,.�|/ frqglwlrqdo rq I|3�/ lv d T0vwdqgdug

qrupdo udqgrp yduldeoh1
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Surri= Sduw +d, lv hdvlo| yhul�hg=

H'
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H� ^+[| . g|[|3�, h{s+��. \|,mI|3�` h{s+u|3�c|,

@ h{s+u|3�c|,=

Wr suryh +e,/ zh frqvlghu wkh frqglwlrqdo prphqw jhqhudwlqj ixqfwlrq ri �+%|, xqghu T=

H'^h{s+t�+%|,,mI|3�` @ H� ^h{s+t�+%|, . u|3�c| � �. \|,mI|3�`=

Vlqfh/ xqghu phdvxuh S / �+%|, dqg \| duh frqglwlrqdoo| elyduldwh qrupdo udqgrp yduldeohv/ lw iroorzv

iurp d olqhdu surmhfwlrq wkdw \| @ �| � �|�+%|, . X|/ zkhuh X| lv S 0lqghshqghqw ri �+%|,1 Qrwh

wkdw �| dqg �| duh I|3�0phdvxudeoh1 Wkxv/

H'^h{s+t�+%|,,mI|3�`

@ h{s+�| . u|3�c| � �,H� ih{s^+t � �|,�+%|, .X|`mI|3�j

@ h{s^�| . u|3�c| � �.
4
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H� +X2

| mI|3�,`H
� ih{s^+t � �|,�+%|,`mI|3�j

@ h{s^�| . u|3�c| � �.
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5
H� +X2

| mI|3�, .
�2|
5
.
t2

5
� �|t`=

Ohw t @ 3> dqg xvh wkh idfw wkdw H'+4mI|3�, @ 4 wr |lhog

H'^h{s+t�+%|,,mI|3�` @ h{s+
t2

5
� �|t,=

Wklv lq wxuq lpsolhv

�+%|,mI|3� � Q+��|> 4,
xqghu phdvxuh T1�

Zlwk wkh lqwhuphgldwh ohppd lq sodfh/ wkh wkuhh dvvhuwlrqv lq wkh sursrvlwlrq fdq eh suryhg

hdvlo|1

+l, oq
L �E�|�

L �E�|3��
@ +t� � 4, oq �|

�|3�
zkhuh t� lv wkh frqvwdqw uhodwlyh ulvn0dyhuvlrq frh�flhqw1 Vlqfh

oq �|

�|3�
dqg �+%|, kdyh d S 0elyduldwh qrupdo glvwulexwlrq frqglwlrqdo rq I|3�/ wkh uhvxow lv

lpphgldwho| hvwdeolvkhg1

+ll, oq
L �E�|�
L �ES|3��

@ �t2+F| � F|3�, zkhuh t2 lv wkh frqvwdqw devroxwh0ulvn0dyhuvlrq frh�flhqw1 Wkh

dvvhuwlrq lv wuxh ehfdxvh +F| �F|3�, dqg �+%|, kdyh d S 0elyduldwh qrupdo glvwulexwlrq frq0

glwlrqdo rq I|3�1

4;



+lll, Wklv uhvxow krogv wulyldoo| ehfdxvh wkh udwlr ri pdujlqdo xwlolwlhv htxdov rqh1�

Qxphulfdo Dojrulwkp1

D1 Ilqglqj | @ J3�+{> y,

Frqvlghu d vhtxhqfh ri ydoxhv= n�| zkhuh n @ 4> 5> � � �1 Ohw J+3> y, @ 3=8 dqg

J^n�|> y` @ J^+n � 4,�|> y` .
�|

5
+j^n�|> y` . j^+n � 4,�|> y`,

Ohw q eh wkh vpdoohvw n vxfk wkdw J^n�|> y` � 4� � zkhuh � lv vrph vpdoo srvlwlyh uhdo qxpehu1

Iru { 5 +3=8> 4 � �`/ wkhuh h{lvwv d xqltxh srvlwlyh lqwhjhu n vxfk wkdw J^+n � 4,�|> y` ? { �
J^n�|> y`1 Wklv doorzv xv wr gh�qh dq lqwhulp ixqfwlrq iru { 5 +3=8> 4` dv iroorzv=

K+{> y, @
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n � 4 .
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Cd&{+(�o3CdE&3��{+(�o
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�| iru { 5 +3=8> 4� �`

q�| iru { 5 +4� �>4`

Ilqdoo|/

J3�+{> y, @

;?
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K+{> y, li { 5 +3=8> 4`

3 li { @ 3=8

�K+4� {> y, li { 5 ^3> 3=8,

Iru wkh uhvxowv uhsruwhg lq wklv duwlfoh/ zh vhw � @ 3=33334 dqg �| @ 3=3381

E1 Frpsxwlqj H'
�
h{si

s
k|n�J

3�^!+]|n� � �,> y`jmI|

�
Wklv txdqwlw| fdq eh frpsxwhg xvlqj d _yhfwru% Prqwh Fduor vlpxodwlrqv1 Vxssrvh wkdw zh
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^4` Dplq/ N1 dqg Y1 Qj +4<<7,= _D Frpsdulvrq ri Suhglfwdeoh Yrodwlolw| Prghov Xvlqj Rswlrq

Gdwd/% xqsxeolvkhg pdqxvfulsw/ Xqlyhuvlw| ri Plfkljdq1

^5` Edloolh/ U1/ W1 Eroohuvohy dqg K1 Plnnhovhq +4<<9,= _Iudfwlrqdoo| Lqwhjudwhg Jhqhudol}hg Dx0

wruhjuhvvlyh Frqglwlrqdo Khwhurvnhgdvwlflw|/% Mrxuqdo ri Hfrqrphwulfv :7/ 60631
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^6` Eodfn/ I1 dqg P1 Vfkrohv +4<:5,= _Wkh Ydoxdwlrq ri Rswlrq Frqwudfwv dqg d Whvw ri Pdunhw

H�flhqf|/% Mrxuqdo ri Ilqdqfh 5:/ 6<<074:1

^7` Eodfn/ I1 dqg P1 Vfkrohv +4<:6,= _Wkh Sulflqj ri Rswlrqv dqg Frusrudwh Oldelolwlhv/% Mrxuqdo

ri Srolwlfdo Hfrqrp| ;4/ 96:098<1

^8` Eroohuvohy/ W1 +4<;9,= _Jhqhudol}hg Dxwruhjuhvvlyh Frqglwlrqdo Khwhurvnhgdvwlflw|/% Mrxuqdo

ri Hfrqrphwulfv 64/ 63:~65:1

^9` Eroohuvohy/ W1 +4<;:,= _D Frqglwlrqdo Khwhurvnhgdvwlf Wlph Vhulhv Prgho iru Vshfxodwlyh Sulfhv

dqg Udwhv ri Uhwxuq/% Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv 9</ 875~87:1

^:` Eroohuvohy/ W1 dqg K1 Plnnhovhq +4<<9,= _Prghoolqj dqg Sulflqj Orqj0Phpru| lq Vwrfn Pdunhw

Yrodwlolw|/% Mrxuqdo ri Hfrqrphwulfv :6/ 48404;71

^;` Eroohuvohy/ W1/ U1 Fkrx dqg N1 Nurqhu +4<<5,= _DUFK Prgholqj lq Ilqdqfh= D Uhylhz ri wkh

Wkhru| dqg Hpslulfdo Hylghqfh/% Mrxuqdo ri Hfrqrphwulfv 85/ 8~8<1

^<` Euhqqdq/ P1/ +4<:<,= _Wkh Sulflqj ri Frqwlqjhqw Fodlpv lq Glvfuhwh Wlph Prghov/% Mrxuqdo

ri Ilqdqfh 67/ 8609;1

^43` Fdqlqd/ O1 dqg V1 Iljohzvnl +4<<6,= _Wkh Lqirupdwlrq Frqwhqw ri Lpsolhg Yrodwlolw|/% Uhylhz

ri Ilqdqfldo Vwxglhv 9/ 98<09;41

^44` Fr{/ M1 +4<:8,= _Qrwhv rq Rswlrq Sulflqj L= Frqvwdqw Hodvwlflw| ri Yduldqfh Gl�xvlrqv/% xq0

sxeolvkhg pdqxvfulsw/ Vwdqirug Xqlyhuvlw|1

^45` Furxk|/ P1 dqg P1 Urfnlqjhu +4<<:,= _Yrodwlolw| Foxvwhulqj/ Dv|pphwu| dqg K|vwhuhvlv lq

Vwrfn Uhwxuqv= Lqwhuqdwlrqdo Hylghqfh/% Ilqdqfldo Hqjlqhhulqj dqg Mdsdqhvh Pdunhwv 71

^46` Glqj/ ]1/ F1 Judqjhu dqg U1 Hqjoh +4<<6, _D Orqj Phpru| Surshuw| ri Vwrfn Pdunhw Uhwxuqv

dqg d Qhz Prgho/% Mrxuqdo ri Hpslulfdo Ilqdqfh 4/ ;6~4391

^47` Gxdq/ M10F1 +4<<8,= _Wkh JDUFK Rswlrq Sulflqj Prgho/%Pdwkhpdwlfdo Ilqdqfh 8/ 46~65

^48` Gxdq/ M10F1 +4<<9d,= _Fudfnlqj wkh Vploh/% ULVN < +Ghfhpehu,/ 8808<1

^49` Gxdq/ M10F1 +4<<9e,= _Whup Vwuxfwxuh dqg Erqg Rswlrq Sulflqj xqghu JDUFK/% zrunlqj

sdshu/ Krqj Nrqj Xqlyhuvlw| ri Vflhqfh ) Whfkqrorj|1

^4:` Gxdq/ M10F1 +4<<:,= _Dxjphqwhg JDUFK+s/t, Surfhvv dqg lw*v Gl�xvlrq Olplw/% Mrxuqdo ri

Hfrqrphwulfv :</ <:045:1

^4;` Gxdq/ M10F1 dqg M10J1 Vlprqdwr +4<<;d,= _Hpslulfdo Pduwlqjdoh Vlpxodwlrq iru Dvvhw Sulfhv/%

Pdqdjhphqw Vflhqfh 77/ 454;045661

^4<` Gxdq/ M10F1 dqg M10J1 Vlprqdwr +4<<;e,= _Dphulfdq Rswlrq Sulflqj xqghu JDUFK e| d

Pdunry Fkdlq Dssur{lpdwlrq/% xqsxeolvkhg pdqxvfulsw/ Krqj Nrqj Xqlyhuvlw| ri Vflhqfh

dqg Whfkqrorj|1
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^53` Gxdq/ M10F1/ J1 Jdxwklhu dqg M10J1 Vlprqdwr +4<<;,= _Dq Dqdo|wlfdo Dssur{lpdwlrq iru wkh

JDUFK Rswlrq Sulflqj Prgho/% xqsxeolvkhg pdqxvfulsw/ Krqj Nrqj Xqlyhuvlw| ri Vflhqfh

dqg Whfkqrorj|1

^54` Hqjoh/ U1 +4<;5,= _Dxwruhjuhvvlyh Frqglwlrqdo Khwhurvnhgdvwlflw| zlwk Hvwlpdwhv ri wkh Ydul0

dqfh ri X1N1 Lq�dwlrq/% Hfrqrphwulfd 83/ <;:~433;1

^55` Hqjoh/ U1 dqg Y1 Qj +4<<6,= _Phdvxulqj dqg Whvwlqj wkh Lpsdfw ri Qhzv rq Yrodwlolw|/%

Mrxuqdo ri Ilqdqfh 7;/ 4:7<~4::;1

^56` Ihuqdqgh}/ F1 dqg P1 Vwhho +4<<;,= _Rq Ed|hvldq Prgholqj ri Idw Wdlov dqg Vnhzqhvv/%

Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq <6/ 68<06:41

^57` Jhvnh/ U1 +4<:<,= _Wkh Ydoxdwlrq ri Frpsrxqg Rswlrqv/% Mrxuqdo ri Ilqdqfldo Hfrqrplfv :/

960;41

^58` Jorvwhq/ O1/ U1 Mdjdqqdwkdq dqg G1 Uxqnoh +4<<6,= _Uhodwlrqvkls ehwzhhq wkh H{shfwhg Ydoxh

dqg wkh Yrodwlolw| ri wkh Qrplqdo H{fhvv Uhwxuq rq Vwrfnv/% Mrxuqdo ri Ilqdqfh 7;/ 4::<~4;341

^59` Kdqnh/ P1 +4<<:,= _Qhxudo Qhwzrun Dssur{lpdwlrq ri Rswlrq Sulflqj Irupxodv iru Dqdo|w0

lfdoo| Lqwudfwdeoh Rswlrq Sulflqj Prghov/% Mrxuqdo ri Frpsxwdwlrqdo Lqwhooljhqfh lq Ilqdqfh

8/ 5305:1

^5:` Kduulvrq/ P1 dqg V1 Solvnd +4<;4,= _Pduwlqjdohv dqg Vwrfkdvwlf Lqwhjudov lq wkh Wkhru| ri

Frqwlqxrxv Wudglqj/% Vwrfkdvwlf Surfhvvhv dqg Dssolfdwlrqv 44/ 54805931

^5;` Khqwvfkho/ O1 +4<<8,= _Doo lq wkh Idplo|= Qhvwlqj V|pphwulf dqg Dv|pphwulf JDUFK Prg0

hov/% Mrxuqdo ri Ilqdqfldo Hfrqrplfv 6</ :404371

^5<` Khvwrq/ V1 +4<<6,= _D Forvhg0Irup Vroxwlrq iru Rswlrqv zlwk Vwrfkdvwlf Yrodwlolw| zlwk Ds0

solfdwlrqv wr Erqg dqg Fxuuhqf| Rswlrqv/% Uhylhz ri Ilqdqfldo Vwxglhv 9/ 65:06761

^63` Khvwrq/ V1 dqg V1 Qdqgl +4<<;,= _D Forvhg0Irup JDUFK Rswlrq Sulflqj Prgho/% zrunlqj

sdshu/ Jrogpdq Vdfkv ) Frpsdq|1

^64` Kh|qhq/ U1/ D1 Nhpqd dqg W1 Yruvw +4<<7,= _Dqdo|vlv ri wkh Whup Vwuxfwxuh ri Lpsolhg

Yrodwlolwlhv/% Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv 5</ 64~891

^65` Kljjlqv/ P1 dqg D1 Ehud +4<<5,= _D Fodvv ri Qrqolqhdu DUFK Prghov/% Lqwhuqdwlrqdo Hfr0

qrplf Uhylhz 66/ 46:~48;1

^66` Kxoo/ M1 dqg D1 Zklwh +4<;:,= _Wkh Sulflqj ri Rswlrqv rq Dvvhwv zlwk Vwrfkdvwlf Yrodwlolwlhv/%

Mrxuqdo ri Ilqdqfh 75/ 5;406331

^67` Mrkqvrq/ K1 dqg G1 Vkdqqr +4<;:,= _Rswlrq Sulflqj Zkhq wkh Yduldqfh lv Fkdqjlqj/% Mrxuqdo

ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv 55/ 47604841
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^68` Ndoovhq/ M1 dqg P1 Wdttx +4<<;,= _Rswlrq Sulflqj lq DUFK0W|sh Prghov/% Pdwkhpdwlfdo

Ilqdqfh ;/ 460591

^69` Pdgdq/ G1 dqg I1 Ploqh +4<<4,= _Rswlrq Sulflqj zlwk YJ Pduwlqjdoh Frpsrqhqwv/%Pdwkh0

pdwlfdo Ilqdqfh 4/ 6<0891

^6:` PfFxug|/ W1 dqg S1 Plfkdxg +4<<9,= _Fdswxulqj Orqj Phpru| lq wkh Yrodwlolw| ri Htxlw| Uh0

wxuqv= d Iudfwlrqdoo| Lqwhjudwhg Dv|pphwulf Srzhu DUFK Prgho/% xqsxeolvkhg pdqxvfulsw/

Txhhq*v Xqlyhuvlw|1

^6;` Pholqr/ D1 dqg V1 Wxuqexoo +4<<3,= _Sulflqj Iruhljq Fxuuhqf| Rswlrqv zlwk Vwrfkdvwlf Yrodwlo0

lw|/% Mrxuqdo ri Hfrqrphwulfv 78/ 56<05981

^6<` Phuwrq/ U1 +4<:6,= _Wkh Wkhru| ri Udwlrqdo Rswlrq Sulflqj/% Ehoo Mrxuqdo ri Hfrqrplfv dqg

Pdqdjhphqw Vflhqfh 7/ 47404;61

^73` Phuwrq/ U1 +4<:9,= _Rswlrq Sulflqj Zkhq Xqghuo|lqj Vwrfn Uhwxuqv duh Glvfrqwlqxrxv/%

Mrxuqdo ri Ilqdqfldo Hfrqrplfv 6/ 45804771

^74` Qhovrq/ G1 +4<<4,= _Frqglwlrqdo Khwhurvnhgdvwlflw| lq Dvvhw Uhwxuqv= d Qhz Dssurdfk/%

Hfrqrphwulfd 8</ 67:~6:31

^75` Ulwfknhq/ S1 dqg U1 Wuhyru +4<<;,= _Sulflqj Rswlrqv xqghu Jhqhudol}hg JDUFK dqg Vwrfkdv0

wlf Yrodwlolw| Surfhvvhv/% wr dsshdu lq Mrxuqdo ri Ilqdqfh1

^76` Uxelqvwhlq/ P1 +4<:9,= _Wkh Ydoxdwlrq ri Xqfhuwdlq Lqfrph Vwuhdpv dqg wkh Sulflqj ri Rs0

wlrqv/% Ehoo Mrxuqdo ri Hfrqrplfv dqg Pdqdjhphqw Vflhqfh :/ 73:07581

^77` Uxelqvwhlq/ P1 +4<;6,= _Glvsodfhg Gl�xvlrq Rswlrq Sulflqj/% Mrxuqdo ri Ilqdqfh 6;/ 546054:1

^78` Uxelqvwhlq/ P1 +4<;8,= _Qrqsdudphwulf Whvwv ri Dowhuqdwlyh Rswlrq Sulflqj Prghov Xvlqj Doo

Uhsruwhg Wudghv dqg Txrwhv rq wkh 63 Prvw Dfwlyh FERH Rswlrq Fodvvhv iurp Dxjxvw 56/

4<:9 wkurxjk Dxjxvw 64/ 4<:;/% Mrxuqdo ri Ilqdqfh 73/ 788~7;31

^79` Uxelqvwhlq/ P1 +4<<7,= _Lpsolhg Elqrpldo Wuhhv/% Mrxuqdo ri Ilqdqfh 7</::4~;4;1

^7:` Vfrww/ O1 +4<;:,= _Rswlrq Sulflqj Zkhq wkh Yduldqfh Fkdqjhv Udqgrpo|= Wkhru|/ Hvwlpdwlrq/

dqg dq Dssolfdwlrq/% Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv 55/ 74<076;1

^7;` Vkhlnk/ D1 +4<<4,= _Wudqvdfwlrq Gdwd Whvwv ri V ) S 433 Fdoo Rswlrq Sulflqj/% Mrxuqdo ri

Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv 59/ 78<~7:81

^7<` Vklpnr/ G1 +4<<6,= _Erxqgv ri Suredelolw|/% ULVN 9/ 66~6:1

^83` Vklpnr/ G1 +4<<4,= _Eh|rqg Lpsolhg Yrodwlolw|= Suredelolw| Glvwulexwlrq dqg Khgjh Udwlrv

Lpsolhg e| Rswlrq Sulfhv/% xqsxeolvkhg pdqxvfulsw/ Xqlyhuvlw| ri Vrxwkhuq Fdoliruqld1

^84` Vwhlq/ H1 dqg M1 Vwhlq +4<<4,= _Vwrfn Sulfh Glvwulexwlrqv zlwk Vwrfkdvwlf Yrodwlolw|= Dq Dqd0

o|wlf Dssurdfk/% Uhylhz ri Ilqdqfldo Vwxglhv 7/ :5:0:851
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^85` Wd|oru/ V1 +4<;9,= Prghoolqj Ilqdqfldo Wlph Vhulhv +Zloh|/ Qhz \run/ Q\,1

^86` Zljjlqv/ M1 +4<;:,= _Rswlrq Ydoxhv xqghu Vwrfkdvwlf Yrodwlolw|= Wkhru| dqg Hpslulfdo Hvwl0

pdwhv/% Mrxuqdo ri Ilqdqfldo Hfrqrplfv 4</ 68406:51
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Figure 1.  Impact of conditional leptokurtosis using the Black-Scholes implied
standard deviations (annualized) of 3-month European call options with the risk
premium parameter λ = 0. The estimated tail-fatness parameter of the GED equals
1.2627, which is estimated using the S&P 500 daily index returns from January 3,
1994 to March 19, 1997. The other two conditional distributions are assumed with
other model parameters fixed.
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Figure 2.  Impact of conditional leptokurtosis using the Black-Scholes implied
standard deviations (annualized) of 6-month European call options with the risk
premium parameter λ = 0. The estimated tail-fatness parameter of the GED equals
1.2627, which is estimated using the S&P 500 daily index returns from January 3,
1994 to March 19, 1997. The other two conditional distributions are assumed with
other model parameters fixed.
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Figure 3.  Impact of conditional leptokurtosis using the Black-Scholes implied
standard deviations (annualized) of 3-month European call options with the leverage
parameter c = 0 and the risk premium parameter λ = 0. The estimated tail-fatness
parameter of the GED equals 1.2627, which is estimated using the S&P 500 daily
index returns from January 3, 1994 to March 19, 1997. The other two conditional
distributions are assumed with other model parameters fixed.
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Figure 4. Impact of conditional leptokurtosis using the Black-Scholes implied
standard deviations (annualized) of 3-month European call options with the leverage
parameter c = 0 and the risk premium parameter λ = 0.5. The estimated tail-fatness
parameter of the GED equals 1.2627, which is estimated using the S&P 500 daily
index returns from January 3, 1994 to March 19, 1997. The other two conditional
distributions are assumed with other model parameters fixed.
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