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Devwudfw

Wklv prgho lv edvhg rq d uhsuhvhqwdwlyh djhqw dssurdfk lq dq hfrqrp| lq zklfk wkh qrplqdo

djjuhjdwh frqvxpswlrq jurzwk udwh iroorzv wkh JDUFK surfhvv1 Zh �uvw ghulyh dq htxloleulxp

qrplqdo lqwhuhvw udwh surfhvv1 Wklv htxloleulxp qrplqdo lqwhuhvw udwh surfhvv lv vkrzq wr eh
phdq0uhyhuwlqj dqg khwhurvnhgdvwlf zlwk d qrq0fhqwudo "5 lqqrydwlrq1 Dq htxloleulxp sulflqj

phdvxuh lv wkhq frqvwuxfwhg/ dqg wkh htxloleulxp lqwhuhvw udwh g|qdplfv xqghu wklv phdvxuh lv

fkdudfwhul}hg wr vhuyh dv d sulflqj phfkdqlvp iru wkh whup vwuxfwxuh ri lqwhuhvw udwhv dqg lqwhu0
hvw udwh ghulydwlyhv1 Wklv qhz sulflqj dssurdfk lv irxqg wr vxevwdqwldoo| gl�hu iurp wkh whup

vwuxfwxuh prghov ri Ydvlfhn +4<::, dqg Fr{/ Lqjhuvroo dqg Urvv +4<;8, dqg wkh erqg rswlrq
sulflqj prghov ri Mdpvklgldq +4<;<, dqg Fr{/ Lqjhuvroo dqg Urvv +4<;8,1 Lw r�huv d surplvlqj

dowhuqdwlyh dplg wkh qhjdwlyh hpslulfdo �qglqjv iru wkh h{lvwlqj prghov1

Nh|zrugv= Qrplqdo Lqwhuhvw Udwh/ Djjuhjdwh Frqvxpswlrq/ Htxloleulxp Sulflqj Phdvxuh/

JDUFK Prgho/ Whup Vwuxfwxuh/ Erqg Rswlrqv/ Prqwh Fduor Vlpxodwlrq1
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Lq d uhfhqw duwlfoh/ Gxdq +4<<8, ghyhorshg dq rswlrq sulflqj prgho edvhg rq wkh suhplvh wkdw dvvhw

uhwxuqv iroorz wkh JDUFK surfhvv1 Wkh prwlydwlrqv iru wkh JDUFK rswlrq sulflqj prgho duh wzr0

irog1 Iluvw/ h{whqvlyh hpslulfdo hylghqfh kdv vwurqjo| lqglfdwhg wkdw wkh JDUFK prgho fdq ehwwhu

ghvfuleh wkh khwhurvnhgdvwlf dqg ohswrnxuwlf surshuwlhv h{klelwhg e| dvvhw uhwxuqv> vhh iru h{dpsoh/

Eroohuvohy/ Fkrx dqg Nurqhu +4<<5,1 Vhfrqg/ wkh Eodfn0Vfkrohv +4<:6, rswlrq sulflqj prgho lv

nqrzq wr h{klelw v|vwhpdwlf eldvhv1 Lw lv vkrzq lq Gxdq +4<<8, wkdw wkh JDUFK rswlrq sulflqj

prgho lv deoh wr h{sodlq dzd| wkh v|vwhpdwlf eldvhv h{klelwhg e| wkh Eodfn0Vfkrohv +4<:6, prgho1

Hpslulfdoo|/ Dplq dqg Qj +4<<6, whvwhg wkh JDUFK rswlrq sulflqj prgho xvlqj wkuhh gl�huhqw

JDUFK vshfl�fdwlrqv= olqhdu JDUFK ri Eroohuvohy +4<;9,/ h{srqhqwldo JDUFK ri Qhovrq +4<<4,

dqg wkh JMU0JDUFK ri Jorvwhq/ Mdjdqqdwkdq dqg Uxqnoh +4<<6,1 Wkh| frqfoxghg wkdw wkh

JDUFK rswlrq sulflqj prgho shuirupv vljql�fdqwo| ehwwhu wkdq wkh Eodfn0Vfkrohv +4<:6, prgho1

Kh|qhq/ Nhpqd dqg Yruvw +4<<7,/ rq wkh rwkhu kdqg/ xvhg wkh JDUFK rswlrq sulflqj prgho

wr h{dplqh wkh whup vwuxfwxuh ri lpsolhg yrodwlolwlhv1 Wkh| frqfoxghg wkdw dprqj wkh elyduldwh

gl�xvlrq rswlrq sulflqj prgho ri Kxoo dqg Zklwh +4<;:, dqg wkh wzr yhuvlrqv ri wkh JDUFK

rswlrq sulflqj prgho/ wkh h{srqhqwldo JDUFK yhuvlrq lv wkh rqo| rqh qrw ehlqj uhmhfwhg1 Lq d

vwxg| ri xvlqj wkh JDUFK rswlrq sulflqj prgho wr ghvfuleh _yrodwlolw| vploh%/ Gxdq +4<<9d, kdv

irxqg wkh yrodwlolw| vploh dqg whup vwuxfwxuh ri lpsolhg yrodwlolwlhv ri vwrfn lqgh{ rswlrqv fdq

eh vlpxowdqhrxvo| �wwhg wr d kljk ghjuhh ri dffxudf|/ dqg wkh rxw0ri0vdpsoh �wwlqj shuirupdqfh

uhpdlqv h{fhoohqw1

Lq wklv sdshu/ zh jhqhudol}h wkh sulflqj phwkrgrorj| ri Gxdq +4<<8, wr fryhu lqwhuhvw udwh

ghulydwlyh frqwudfwv1 Rxu prgho ghyhorsphqw wdnhv dv wkh �uvw vwhs wkh ghulydwlrq ri htxloleulxp

qrplqdo lqwhuhvw udwh1 Zh frqvlghu d uhsuhvhqwdwlyh djhqw hfrqrp| lq zklfk wkh djjuhjdwh frqvxps0

wlrq jurzwk udwh iroorzv wkh JDUFK surfhvv1 Rxu ghulydwlrq vkrzv wkdw wkh htxloleulxp qrplqdo

lqwhuhvw udwh lv d olqhdu wudqvirupdwlrq ri wkh frqglwlrqdo yduldqfh/ dqg dv d uhvxow/ wkh htxloleulxp

qrplqdo lqwhuhvw udwh g|qdplfv lv d phdq0uhyhuwlqj/ khwhurvnhgdvwlf surfhvv zlwk d qrq0fhqwudo "2

lqqrydwlrq1� Wkh vhfrqg vwhs ri rxu ghulydwlrq lv wr ghylvh dq htxloleulxp sulflqj phdvxuh zklfk

fdq eh xvhg wr idflolwdwh wkh ghyhorsphqw ri sulflqj prghov iru erqgv dqg rswlrqv1 Xqghu wkh

htxloleulxp sulflqj phdvxuh/ wkh g|qdplfv ri wkh htxloleulxp qrplqdo lqwhuhvw udwh lv dowhuhg vrph0

zkdw1 Wkh lqqrydwlrq xqghujrhv d phdq vkliw/ exw djdlq iroorzv d qrq0fhqwudo "2 glvwulexwlrq zlwk

d gl�huhqw qrq0fhqwudolw| sdudphwhu1 Wklv ghulyhg g|qdplfv pdnhv lw srvvleoh wr sulfh erqgv dqg

erqg rswlrqv xqghu wkh JDUFK vhwwlqj1

Zh qxphulfdoo| h{dplqh wkh surshuwlhv ri wkh whup vwuxfwxuh dqg erqg rswlrq sulflqj prghov1

Iru wkh whup vwuxfwxuh ri lqwhuhvw udwhv/ wkh JDUFK0edvhg dssurdfk lv frpsduhg wr erwk wkh

Ydvlfhn +4<::, dqg Fr{/ Lqjhuvroo dqg Urvv +FLU, +4<;8, prghov1 Wkh vwudwhj| lv wr �uvw jhqhudwh
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d qrupdo |lhog fxuyh edvhg rq wkh JDUFK whup vwuxfwxuh prgho/ dqg wkhq wr �w wkh Ydvlfhn dqg

FLU whup vwuxfwxuh wr wklv jhqhudwhg |lhog fxuyh1 Iru wkh Ydvlfhn prgho/ lw lv srvvleoh wr dgmxvw

sdudphwhu ydoxhv wr dfklhyh d yhu| jrrg �w1 Lw lv qrw vr iru wkh FLU prgho zlwk wkh �wwhg |lhogv

wr eh kljkhu wkdq wkh wdujhw |lhogv iru vkruwhu pdwxulwlhv dqg orzhu iru orqjhu pdwxulwlhv1 Li rqh

lqfuhdvhv ru ghfuhdvhv wkh vkruw0whup udwh zlwkrxw fkdqjlqj wkh sdudphwhu ydoxhv/ wkh |lhog fxuyhv

fruuhvsrqglqj wr wkuhh prghov ehjlq wr gl�hu hyhq pruh1 Xvlqj wkh vdph �wwhg sdudphwhu ydoxhv/

wkh JDUFK0edvhg erqg rswlrq sulflqj prgho lv dovr frpsduhg wr wkh prgho ri Mdpvklgldq +4<;<,

dqg wkdw ri FLU1 Wkh JDUFK0edvhg prgho dozd|v |lhogv d kljkhu rswlrq sulfh lq frpsdulvrq wr

wkh FLU prgho1 Lw dovr surgxfhv kljkhu sulfhv/ dv frpsduhg wr wkh Mdpvklgldq prgho +4<;<,/ h{fhsw

iru ghhs rxw0ri0wkh0prqh| erqg rswlrqv1 Jlyhq wkdw wkh prghov e| Ydvlfhn +4<::,/ FLU +4<;8, dqg

Mdpvklgldq +4<;<, duh nqrzq wr kdyh xqvdwlvidfwru| hpslulfdo shuirupdqfh/ wkh JDUFK0edvhg

dssurdfk r�huv d surplvlqj dowhuqdwlyh1

2 ,^��*�Mh��4 ?L4�?@* �?|ihit| h@|i _)?@4�U

Ohw F| dqg f| ghqrwh wkh qrplqdo dqg uhdo djjuhjdwh frqvxpswlrqv dw wlph w/ uhvshfwlyho|1 Wkh

sulfh gh�dwru dw wlph w lv ghqrwhg e| �|1 E| gh�qlwlrq/ F| @ f|�|1 Zh dvvxph wkdw wkh qrplqdo

djjuhjdwh frqvxpswlrq jurzwk udwh +frqwlqxrxvo| frpsrxqghg, iroorzv d JDUFK0Phdq prgho

ri Hqjoh/ Ololhq dqg Urelqv +4<;:,1 Vshfl�fdoo|/ zh dgrsw wkh qrq0olqhdu dv|pphwulf JDUFK

+QJDUFK, surfhvv ri rughu +4> 4, +vhh Hqjoh dqg Qj/ 4<<6,12 Li wkh sdudphwhu #/ wr eh vshfl�hg

ehorz/ htxdov }hur/ wkhq wkh prgho uhgxfhv wr d olqhdu JDUFKprgho1 OhwI| ghqrwh wkh lqirupdwlrq

vhw xs wr dqg lqfoxglqj wlph w/ dqg S ghqrwh wkh gdwd jhqhudwlqj suredelolw| phdvxuh wkdw jryhuqv

doo udqgrp yduldeohv1 D irupdo ghvfulswlrq ri rxu dvvxpswlrq lv qrz lq rughu1

Dvvxpswlrq 4 Xqghu wkh gdwd jhqhudwlqj suredelolw| phdvxuh S /

7oq+F|, @ �. �t|n� .
s
t|n�%|n� +4,

%|n�mI| � Q+3> 4, +5,

t|n� @ �f . ��t|+%| � #,2 . �2t| +6,

zkhuh �f A 3> �� � 3> �2 � 3 dqg ��+4 . #2, . �2 ? 41

Wkh sdudphwhu uhvwulfwlrq wkdw �f A 3> �� � 3 dqg �2 � 3 hqvxuhv srvlwlyh frqglwlrqdo yduldqfhv1

Dffruglqj wr Gxdq +4<<9e/ Fruroodu| 5,/ wkh uhvwulfwlrq wkdw ��+4 . #2, . �2 ? 4 hqvxuhv wkh

h{lvwhqfh ri vwdwlrqdu| yduldqfh dqg wkh vwulfw vwdwlrqdulw| iru wkh frqglwlrqdo yduldqfh surfhvv1

Zh dvvxph d uhsuhvhqwdwlyh djhqw hfrqrp| lq zklfk wkh djhqw kdv dq dgglwlyh wlph0vhsdudeoh

suhihuhqfh1 Wkh xwlolw| ixqfwlrq ri uhdo frqvxpswlrq/ f|/ lv ghqrwhg e| X+f|,1 Iru dq| qrplqdo dvvhw
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zlwk wkh qrplqdo sulfh/ [|/ dqg wkh glylghqg sd|phqw/ G|/ dw wlph w/ wkh iroorzlqj Hxohu*v htxdwlrq

pxvw eh vdwlv�hg lq htxloleulxp=

[|

�|

@ H� ih3B
X �+f|n�,

X �+f|,

+[|n� .G|n�,

�|n�
mI|j +7,

zkhuh � lv dq lqwhuwhpsrudo glvfrxqw udwh1 Wkh prgho ri wklv qdwxuh kdv ehhq zlgho| hpsor|hg lq

wkh olwhudwxuh1 Oxfdv +4<:;,/ Phkud dqg Suhvfrww +4<;8, dqg Fdpsehoo +4<;9, duh vrph h{dpsohv1

Lq frqwudvw wr prvw h{lvwlqj prghov/ rxu prgho lv xqltxh lq wkh vhqvh wkdw wkh qrplqdo djjuhjdwh

frqvxpswlrq jurzwk udwh iroorzv dq QJDUFK+4/4, surfhvv1 Wkh h{lvwhqfh ri htxloleulxp iru wklv

prgho lv hvvhqwldoo| wkdw ri Oxfdv +4<:;,1� Lq wklv duwlfoh/ zh duh qrw frqfhuqhg zlwk wkh lvvxh ri

h{lvwhqfh1 Lqvwhdg/ Hxohu*v htxdwlrq lq +7, vhuyhv dv wkh edvlv iru rxu ghulydwlrqv1

Ohw u| ghqrwh wkh qrplqdo rqh0shulrg ulvn0iuhh lqwhuhvw udwh +frqwlqxrxvo| frpsrxqghg, dw wlph

w1 Frqvlghu d rqh0groodu sd|r� dw wlph w.41 Lwv wlph0w qrplqdo ydoxh htxdov h{s+�u|, e| gh�qlwlrq/

dqg wkh xvh ri +7, ohdgv wr wkh iroorzlqj uhodwlrqvkls=

h3o| @ H� ih3B
X �+f|n�,

X �+f|,

�|

�|n�
mI|j= +8,

Lq rughu wr fkdudfwhul}h wkh g|qdplfv iru u|/ wkh uhsuhvhqwdwlyh djhqw pxvw eh hqgrzhg zlwk d

pruh vshfl�f suhihuhqfh vwuxfwxuh1 Zh dgrsw wkh orjdulwkplf xwlolw| ixqfwlrq/ zklfk lv dq dvvxps0

wlrq iuhtxhqwo| hpsor|hg lq wkh whup vwuxfwxuh olwhudwxuh1 Wklv dvvxpswlrq doorzv iru frpelqlqj

wkh uhdo frqvxpswlrq zlwk wkh sulfh gh�dwru/ zklfk wxuqv wkh qrplqdo frqvxpswlrq lqwr d vx�flhqw

vwdwlvwlf iru dvvhw sulflqj1

Dvvxpswlrq 5 X+f|, @ oq+f|,

Wkh iroorzlqj wkhruhp frpsohwho| fkdudfwhul}hv wkh g|qdplfv iru wkh htxloleulxp qrplqdo lq0

whuhvw udwh1

Wkhruhp 4 Xqghu wkh gdwd jhqhudwlqj suredelolw| phdvxuh S /

41

7u| @ !+p� u|, . �+u| � d,Z|n� +9,

zkhuh

! @ 4� ��+4 . #2,� �2> d @ � . �>

� @ ��

t
5 . 7#2>p @ d.

+5�� 4,�f

5!
>

Z|n� @
+%|n� � #,2 � +4 . #2,s

5 . 7#2
>

H� +Z|n�mI|, @ 3> dqg H� +Z 2

|n�mI|, @ 4
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51 d lv d orzhu +xsshu, erxqg ri qrplqdo lqwhuhvw udwhv li � A +?,�
2
/ dqg u| @ d li � @ �

2
>

61 u| lv d vwulfwo| vwdwlrqdu| surfhvv1

Surri= Vhh Dsshqgl{1

Wklv hqgrjhqrxv fkdudfwhul}dwlrq ri wkh lqwhuhvw udwh g|qdplfv gl�huv iurp wkh xvxdo frqvwdqw

hodvwlflw| ri yduldqfh +FHY, vshfl�fdwlrq lq wzr dvshfwv1 Iluvw/ wkh frqglwlrqdo vwdqgdug ghyldwlrq

ghvfulehg lq +9, lv d olqhdu ixqfwlrq ri wkh gl�huhqfh ehwzhhq wkh suhydlolqj lqwhuhvw udwh dqg d

frqvwdqw1 Lq wkh FHY vshfl�fdwlrq/ wklv frqvwdqw lv vhw htxdo wr }hur1 Wkh olqhdu vshfl�fdwlrq

iru wkh frqglwlrqdo yrodwlolw| lv dovr pruh frqvlvwhqw zlwk vrph hpslulfdo �qglqjv> iru h{dpsoh/

Fkdq/ hw do1 +4<<5,/ Uxpvh| +4<<6, dqg Krqruh +4<<9,1 Wkhvh �qglqjv vxjjhvw wkh hvwlpdwhg FHY

frh�flhqw lv pruh lq olqh zlwk olqhdulw|1 Vhfrqg/ lq frqwudvw wr wkh xvh ri d Jdxvvldq lqqrydwlrq/ wkh

lqwhuhvw udwh surfhvv lq +9, lv gulyhq e| d qrq0fhqwudo "2 udqgrp yduldeoh zlwk lwv ghjuhhv ri iuhhgrp

htxdo wr rqh1 Frpsdulqj wr wkh JDUFK vshfl�fdwlrq dgrswhg e| pdq| wr prgho wkh lqwhuhvw udwh

surfhvv/ wkh g|qdplf lq +9, lpsolhv wkdw wkh lqwhuhvw udwh surfhvv uhvhpeohv pruh wkh frqglwlrqdo

yduldqfh surfhvv ri d JDUFK prgho wkdq d JDUFK surfhvv lwvhoi1 Wklv lv ehfdxvh wkh htxloleulxp

lqwhuhvw udwh lv d olqhdu wudqvirupdwlrq ri wkh frqglwlrqdo yduldqfh1 Lq rwkhu zrugv/ wkh htxloleulxp

lqwhuhvw udwh g|qdplfv lv hvvhqwldoo| d surfhvv iru wkh frqglwlrqdo yduldqfh ri wkh djjuhjdwh qrplqdo

frqvxpswlrq jurzwk udwh1 Wklv olqn kdv dovr ehhq xwlol}hg lq d uhfhqw sdshu ri Gxdq dqg Mrfrev

+4<<9, wr uhfrqfloh wzr vhhplqjo| xquhodwhg hpslulfdo �qglqjv rq wkh orqj0phpru| surshuwlhv ri

lqgh{ uhwxuqv dqg lqwhuhvw udwhv1

� ,^��*�Mh��4 Th�U�?} 4i@t�hi

Iru dvvhw sulflqj/ lw lv riwhq pruh frqyhqlhqw wr fuhdwh d qhz suredelolw| phdvxuh wkdw lv gl�huhqw

iurp wkh gdwd jhqhudwlqj suredelolw| phdvxuh1 Wkh lghdo fdqglgdwh lv wkh rqh vxssruwlyh ri wkh

vwdqgdug pduwlqjdoh sulflqj uhvxow1 Wrzdug wklv dlp/ zh gh�qh d phdvxuh T e|

gT @ h3BAn
S

A3�

�'f
o�
X �+fA ,

X �+ff,

�f

�A
gS +:,

iru vrph odujh �qlwh W 1 Vlqfh
U
4gT @ 4 dqg wkh Udgrq0Q|nrg|q ghulydwlyh lq +:, lv srvlwlyh/ T

lv d suredelolw| phdvxuh1 Vlqfh phdvxuh T lv ghulyhg e| hpsor|lqj pdujlqdo udwhv ri vxevwlwxwlrq/

T lv khuhdiwhu uhihuuhg wr dv wkh htxloleulxp sulflqj phdvxuh1 Xqghu Dvvxpswlrq 5/ wkh gh�qlqj

uhodwlrqvkls lq +:, ehfrphv

gT @ h3BAn
S

A3�

�'f
o�
Ff

FA

gS +;,

Wkh iroorzlqj wkhruhp surylghv d nh| olqndjh uhodwlqj wkh frqglwlrqdo h{shfwdwlrq rshudwlrqv

xqghu wzr gl�huhqw suredelolw| phdvxuhv1

Wkhruhp 5 Iru dq| I|n�0phdvxudeoh ixqfwlrq/ ]|n�/ w � W � 4/

H'+]|n�mI|, @ H� +]|n�h
o|3B

F|

F|n�

mI|, +<,
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Surri= Vhh Dsshqgl{1

Zlwk d fkdqjh lq phdvxuhv/ Hxohu*v htxdwlrq lq +7, fdq eh vwdwhg lq d gl�huhqw zd|1 Fruroodu|

4 hvwdeolvkhv d uhvxow wkdw lv frqvlvwhqw zlwk wkh zhoo0nqrzq pduwlqjdoh sulflqj sulqflsoh1

Fruroodu| 4 Iru w � W � 4/

[| @ H
'ih3o|+[|n� .G|n�,mI|j +43,

Surri= Iroorzv iurp htxdwlrq +7,/ Dvvxpswlrq 5 dqg Wkhruhp 51

Dowkrxjk wkh uhvxow lq Fruroodu| 4 vhuyhv dv wkh frqfhswxdo edvlv iru ghulylqj wkh sulflqj prghov

iru erqgv dqg erqg rswlrqv/ lw lv qrw dq rshudwlrqdo prgho xqohvv wkh frpsohwh nqrzohgjh ri wkh

glvwulexwlrqdo fkdudfwhulvwlfv/ xqghu phdvxuh T/ ri wkh htxloleulxp lqwhuhvw udwh lv nqrzq wr xv1

e Aih4 t|h�U|�hi @?_ ML?_ LT|�L? Th�U�?}

Lq wklv vhfwlrq/ rxu wdvn lv wr fkdudfwhul}h wkh htxloleulxp lqwhuhvw udwh xqghu wkh htxloleulxp sulflqj

phdvxuh T/ zklfk lq wxuq |lhogv wkh sulflqj prghov iru erqgv dqg erqg rswlrqv1 Wkh g|qdplfv ri

wkh htxloleulxp lqwhuhvw udwh lq Wkhruhp 4 lv h{shfwhg wr reh| d gl�huhqw vwrfkdvwlf surfhvv xqghu

wkh htxloleulxp sulflqj phdvxuh T1 Gh�qh d qrwdwlrq � � kf
E63@��

1 Wkh iroorzlqj wkhruhp surylghv

d frpsohwh fkdudfwhul}dwlrq ri wkh htxloleulxp lqwhuhvw udwh*v g|qdplfv xqghu T1

Wkhruhp 6 Xqghu wkh htxloleulxp sulflqj phdvxuh T/ iru w � W � 4/

�u| @ !+p� u|, .
��s

5 . 7#2
+u| � d,2 .

5�#
s
�+u| � d,s

5 . 7#2
+u| � d, .

�+u| � d,

v
4 .

5�+u| � d, . 7#
s
�+u| � d,

4 . 5#2
Z

W

|n� +44,

zkhuh

%
W

|n� @ %|n� .

t
�+u| � d, � Q+3> 4, frqglwlrqdo rq I|>

Z
W

|n� @
^%W|n� � # �

s
�+u| � d,`2 � ^4 . +# .

s
�+u| � d,,2`t

5 . 7+# .
s
�+u| � d,,2

>

H
'+Z W

|n�mI|, @ 3> dqg H'+Z W2
|n�mI|, @ 4

Surri= Vhh Dsshqgl{1

Wkh sdudphwhu � lv srvlwlyh +qhjdwlyh, li p A +?,d1 Li d lv d orzhu +xsshu, erxqg/ wkhq

p A +?,d1 Lq hlwkhu fdvh/ �+u|�d, lv dozd|v srvlwlyh/ dqg khqfh wkh g|qdplf lq +44, lv zhoo0gh�qhg1

Dffruglqj wr Wkhruhp 6/ wkh lqwhuhvw udwh surfhvv xqghuT lv gulyhq e| d qrq0fhqwudo "2 lqqrydwlrq

zkrvh ghjuhhv ri iuhhgrp htxdov rqh dqg qrq0fhqwudolw| sdudphwhu lv d ixqfwlrq ri wkh lqwhuhvw udwh1
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Wklv wkhruhp lqglfdwhv wkdw wkh frqglwlrqdo qrq0fhqwudolw| sdudphwhu lv # .
s
�+u| � d,1e Wklv

qrq0fhqwudolw| sdudphwhu uh�hfwv wkh pdjqlwxgh ri wkh suhydlolqj lqwhuhvw udwh lq uhodwlrq wr wkh

sdudphwhu d1 Wkh g|qdplfv lq +44, frqwdlqv vl{ sdudphwhuv= !>p> �> d> # dqg �1 Lq frqwudvw wr wkh

g|qdplfv lq +9,/ wkh dgglwlrqdo sdudphwhu � fdq eh olnhqhg wr wkh ulvn suhplxp sdudphwhu lq wkh

whup vwuxfwxuh prghov vxfk dv Ydvlfhn +4<::, dqg FLU +4<;8,1

Xvlqj Fruroodu| 4 dqg wkh odz ri lwhudwhg h{shfwdwlrqv/ wkh wlph0w sulfh iru shu groodu idfh ydoxh

ri d }hur0frxsrq/ ghidxow0iuhh erqg zlwk pdwxulw| � / ghqrwhg e| E|+�,/ fdq eh zulwwhq dv

E|+�, @ H'+h3
S

|n�3�

�'|
o� mI|,= +45,

Ohw U|+�, ghqrwh wkh |lhog wr pdwxulw| dw wlph w iru d ghidxow0iuhh/ }hur0frxsrq erqg ri pdwxulw|

� 1 Wkhq/

U|+�, @ �
4

�
oqiH'+h3

S
|n�3�

�'|
o� mI|,j= +46,

Iru d frxsrq erqg/ lwv ydoxh fdq eh vlpso| frpsxwhg zlwk uhshdwhg xvh ri +45, wr fdofxodwh wkh

ydoxhv iru doo ixwxuh sd|phqwv dvvrfldwhg zlwk wklv frxsrq erqg1 Wkh sulflqj irupxod lq +45, wkxv

uhsuhvhqwv dq htxloleulxp vlqjoh0idfwru whup vwuxfwxuh prgho1 Wkh prgho lq +45, kdv qr forvhg0irup

vroxwlrq h{fhsw iru wkh fdvh wkdw � @ 51 Wkh forvhg0irup vroxwlrq iru wklv fdvh fdq eh ghulyhg e|

dsso|lqj wkh prphqw jhqhudwlqj ixqfwlrq iru wkh qrq0fhqwudo"2 glvwulexwlrq zlwk ghjuhhv ri iuhhgrp

41 Lq jhqhudo/ wklv whup vwuxfwxuh prgho pxvw eh frpsxwhg xvlqj vrph qxphulfdo phwkrgv1 Lq wklv

sdshu/ zh xvh Prqwh Fduor vlpxodwlrqv wr frpsxwh erqg sulfhv1

Iru wkh sulflqj ri erqg rswlrqv/ wkh ydoxdwlrq htxdwlrq dovr iroorzv iurp Fruroodu| 4 dqg wkh

odz ri lwhudwhg h{shfwdwlrqv1 Iru h{dpsoh/ frqvlghu d Hxurshdq0vw|oh fdoo rswlrq/ pdwxulqj dw wlph

W dqg zlwk h{huflvh sulfh N> zulwwhq rq d }hur0frxsrq erqg zlwk pdwxulw| � dqg idfh ydoxh I 1

Ghqrwh lwv wlph0w ydoxh e| R�
| 1 Lw iroorzv wkdw

R�
| @ H'ih3

S
A3�

�'|
o�Pd{^EA +�,I �N>3`mI|j +47,

Iru rswlrqv rq d frxsrq erqg/ vlpso| uhsodfh EA +�, lq wkh deryh htxdwlrq zlwk d vxlwdeoh frxsrq

erqg frxqwhusduw1 Wkh frpsxwdwlrq ri wklv prgho pxvw djdlq eh edvhg rq vrph qxphulfdo phwkrgv1

Lq wklv sdshu/ zh xvh Prqwh Fduor vlpxodwlrqv wr frpsxwh wkh rswlrq ydoxh1 Vlqfh wkh erqg sulfh

dw wkh h{sludwlrq ri wkh rswlrq pxvw dovr eh frpsxwhg e| Prqwh Fduor vlpxodwlrqv/ zh kdyh frph

xs zlwk d txlfn surfhgxuh wkdw pdnhv wkh vlpxodwlrq wdvn pdqdjhdeoh1 Wklv surfhgxuh fdoov iru

vwrulqj d vhw ri erqg sulfhv lq phpru|1 Wklv vlpxodwlrq surfhgxuh zloo eh glvfxvvhg lq wkh qh{w

vhfwlrq1

D ��4ih�U@* i @4T*it

Wkh JDUFK0edvhg prghov iru whup vwuxfwxuh ri lqwhuhvw udwhv dqg erqg rswlrqv duh ghprqvwudwhg

qxphulfdoo| lq wklv vhfwlrq1 Frpsdulvrqv wr vrph h{lvwlqj prghov duh pdgh lq rughu wr jdlq ixuwkhu

e
A�i ?L?�Ui?|h@*�|) T@h@4i|ih Lu @ ?L?�Ui?|h@* �

2
�t �t�@**) _i�?i_ @t |�i t^�@hi Lu |�i 4i@?�t��u| T@h@4i|ih�
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lqvljkwv lqwr wkh surshuwlhv ri wkh JDUFK0edvhg prghov1 Wkh JDUFK0edvhg whup vwuxfwxuh prgho

dqg wkh prghov e| Ydvlfhn +4<::,/ FLU +4<;8, duh qrq0qhvwhg1 Wr pdnh frpsdulvrqv/ zh dfw dv

li doo wkuhh prghov duh �wwhg wr d jlyhq |lhog fxuyh1 Lq wklv vhfwlrq/ zh fkrrvh wkh JDUFK0edvhg

whup vwuxfwxuh prgho dv wkh ehqfkpdun1 Vlqfh wkh sxusrvh ri wklv frpsdulvrq lv wr h{dplqh wkh

gl�huhqfhv dprqj wkhvh wkuhh prghov/ zh frxog dfwxdoo| xvh dq| rqh ri wkh wkuhh prghov wr jhqhudwh

wkh wdujhw |lhog fxuyh1

Iru vlpsolflw|/ zh dvvxph wkh edvlf xqlw ri wlph lv rqh zhhn1 Wkhuhiruh/ wkh vkruwhvw0whup

lqwhuhvw udwh lv ri rqh zhhn1 Wkh sdudphwhu ydoxhv xvhg lq wkhvh frpsdulvrqv duhp @ 3=334487> ! @

3=5> � @ 3=6> d @ 3> # @ 3> � @ 4331 Wkh ydoxh irup |lhogv 9( +dqqxdo udwh, iru wkh orqj0uxq dyhudjh

rqh0zhhn lqwhuhvw udwh1 Dv vkrzq odwhu lq wklv vhfwlrq/ wkh JDUFK0edvhg whup vwuxfwxuh prgho

zlwk wkhvh sdudphwhu ydoxhv zloo |lhog d orqj0whup lqwhuhvw udwh durxqg 44(1

D�� Aih4 t|h�U|�hi Lu �?|ihit| h@|it

Zh xvh wkh JDUFK0edvhg prgho lq +46, wr surgxfh wkh |lhog fxuyhv fruuhvsrqglqj wr wkh orz/

dyhudjh dqg kljk rqh0zhhn lqwhuhvw udwhv1 Wkh erqg sulflqj prgho lv frpsxwhg xvlqj Prqwh Fduor

vlpxodwlrqv zlwk 83/333 vdpsoh sdwkv1 Hdfk ri wkhvh wkuhh |lhog fxuyhv lv frpsduhg wr wkh prghov

e| Ydvlfhn +4<::, dqg FLU +4<;8,1 Wkh sdudphwhuv iru wkhvh wzr frpsdulvrq prghov duh hvwlpdwhg

xvlqj 853 |lhogv iru wkh pdwxulw| udqjlqj iurp 4 wr 853 zhhnv1 Wkhvh |lhogv duh rewdlqhg e| xvlqj wkh

JDUFK0edvhg whup vwuxfwxuh prgho dqg vhwwlqj wkh fxuuhqw rqh0zhhn lqwhuhvw udwh wr lwv orqj0uxq

dyhudjh ydoxh/p1 Wkh sdudphwhu hvwlpdwlrq lv fduulhg rxw dv d furvv0vhfwlrqdo qrq0olqhdu uhjuhvvlrq

iruflqj wkh qrq0olqhdu v|vwhp wr eh hlwkhu wkh Ydvlfhn ru FLU prgho1 Vlqfh wkh xvh ri d qrq0olqhdu

furvv0vhfwlrqdo uhjuhvvlrq wr hvwlpdwh wkhvh wzr prghov lv nqrzq wr kdyh dq xqghu0lghqwl�fdwlrq

sureohp/ zh fkrrvh wr �{ wkhlu uhvshfwlyh orqj0uxq dyhudjh rqh0zhhn lqwhuhvw udwhv dw wkh ydoxh iru

p/ zklfk htxdov 313344871 Wkh uhvw ri sdudphwhuv lq wkh Ydvlfhn +4<::, prgho duh hvwlpdwhg wr

eh 31356947 iru wkh phdq0uhyhuvlrq lqwhqvlw|/ 3133463; iru wkh yrodwlolw| sdudphwhu dqg 31377;:6

iru wkh ulvn suhplxp1 Iru wkh FLU +4<;8, prgho/ wkh hvwlpdwhg sdudphwhu ydoxhv duh 3184<965/

31<4<7:4 dqg 04198865</ uhvshfwlyho|1

Iljxuh 4d sorwv wkh |lhog +dqqxdol}hg, fxuyh/ xs wr 633 zhhnv/ fruuhvsrqglqj wr wkh JDUFK0

edvhg whup vwuxfwxuh prgho dqg wkh �wwhg fxuyhv iru wkh Ydvlfhn dqg FLU prghov1 Dv wkh uhvxow

lqglfdwhv/ wkh �w iru wkh Ydvlfhn prgho lv h{wuhpho| dffxudwh/ zkhuhdv wkh �w iru wkh FLU prgho

lv txlwh srru/ wrr kljk iru vkruwhu pdwxulwlhv dqg orz iru orqjhu pdwxulwlhv1 Wkh lqdelolw| ri wkh

FLU prgho wr �w wkh |lhog fxuyh jhqhudwhg e| wkh JDUFK0edvhg whup vwuxfwxuh prgho uh�hfwv wkh

ixqgdphqwdo gl�huhqfh lq wkh fxuydwxuhv h{klelwhg e| wkhvh wzr prghov1

^Hqwhu Iljxuh 4d/ 4e dqg 4f khuh`

Wkh gl�huhqfh dprqj wkh JDUFK0edvhg whup vwuxfwxuh prgho dqg wkh wzr frpsdulvrq prghov

ehfrphv yhu| surqrxqfhg lq wkh wlph0vhulhv glphqvlrq1 Vlqfh wkh vkruw0whup lqwhuhvw udwh zloo

fkdqjh ryhu wlph/ lw lv lpsruwdqw wr nqrz krz wkhvh |lhog fxuyhv uhvsrqg wr wkh fkdqjh1 Li zh ohw

wkh rqh0zhhn lqwhuhvw udwh wr eh kdoi ri lwv orqj0uxq dyhudjh/ wkh |lhog fxuyhv iru wkhvh wkuhh prghov

ghsduw vljql�fdqwo|1 Wkh FLU prgho surgxfhv hyhq odujhu |lhogv/ uhodwlyh wr wkh JDUFK0edvhg

prgho1 Wkh Ydvlfhn prgho/ rq wkh rwkhu kdqg/ jlyhv ulvh wr orzhu |lhogv ryhu wkh hqwluh pdwxulw|

;



vshfwuxp wkdq wkh JDUFK0edvhg prgho +vhh Iljxuh 4e,1 Li wkh rqh0zhhn lqwhuhvw udwh ehfrphv

wzlfh dv odujh dv lwv orqj0uxq dyhudjh/ wkh uhodwlrqvkls lv uhyhuvhg1 Iljxuh 4f lqglfdwhv wkdw wkh FLU

prgho surgxfhv orzhu |lhogv wkdq wkh JDUFK0edvhg prgho h{fhsw iru wkh vkruw hqg ri wkh pdwxulw|

vshfwuxp1 Lqwhuhvwlqjo|/ wkh Ydvlfhn prgho surgxfhv kljkhu |lhogv wkurxjkrxw1 Lq vxppdu|/ wkh

gluhfwlrq ri ghsduwxuh iurp wkh JDUFK0edvhg prgho ghshqgv rq wkh srvlwlrq ri wkh rqh0zhhn udwh

uhodwlyh wr lwv orqj0uxq dyhudjh1

D�2 �L?_ LT|�L?t

Rswlrqv wr ex| wkh wkuhh0prqwk Wuhdvxu| eloo duh xvhg dv wkh h{dpsoh ri erqg rswlrqv1 Wkh

dqdo|vlv lv frqgxfwhg iru d udqjh ri prqh|qhvv srvlwlrqv dqg lqwhuhvw udwh ohyhov1 Wkh prgho lq +47,

lv fdofxodwhg e| Prqwh Fduor vlpxodwlrqv1 Vlqfh wkh sulfh iru wkh wkuhh0prqwk Wuhdvxu| eloo dw wkh

rswlrq*v h{sludwlrq pxvw dovr eh frpsxwhg xvlqj Prqwh Fduor vlpxodwlrqv/ wkh ryhudoo Prqwh Fduor

vlpxodwlrqv frxog eh fduulhg rxw lq d wuhh0olnh vwuxfwxuh zlwk rqh lqwhuphgldwh qrgh1 Wklv zd| ri

frpsxwlqj/ krzhyhu/ suhvhqwv d qxphulfdo gl�fxow|> iru h{dpsoh/ li zh vlpxodwh 83/333 erqg sulfhv

dw wkh rswlrq*v pdwxulw| dqg hdfk ri wkh erqg sulfhv lv frpsxwhg e| 4/333 lqwhuhvw udwh sdwkv/ wkh

wrwdo qxpehu ri vlpxodwhg vdpsoh sdwkv htxdov 8{43
.
1

Wr ryhufrph wklv gl�fxow|/ zh kdyh ghylvhg d sduwlfxodu vlpxodwlrq vfkhph1 Iluvw/ zh frpsxwh

dqg vwruh lq phpru| wkh erqg sulfhv fruuhvsrqglqj wr 633 gl�huhqw lqwhuhvw udwhv zlwk hdfk ehlqj

frpsxwhg xvlqj 4/333 lqwhuhvw udwh sdwkv1 Vlqfh wkh v|vwhp lv Pdunryldq/ wkh rqo| vwrfkdvwlf

hohphqw ri wkh erqg sulfh lv wkh lqwhuhvw udwh dw wkh rswlrq*v pdwxulw|1 Wkhvh lqwhuhvw udwhv +diwhu

dqqxdol}lqj, udqjhv iurp 43 edvlv srlqwv wr 6/333 edvlv srlqwv zlwk wkh lqfuhphqw ri 43 edvlv srlqwv1

Vhfrqg/ zh vlpxodwh 83/333 vdpsoh sdwkv ri wkh vkruw0whup lqwhuhvw udwh doo wkh zd| wr wkh h{sludwlrq

srlqw ri wkh rswlrq1 Wr frpsxwh wkh rswlrq*v sd|r�/ zh slfn rqh ri wkh suh0frpsxwhg erqg sulfhv

wkdw fruuhvsrqgv wr wkh lqwhuhvw udwh qhduhvw wr wkh vlpxodwhg hqglqj lqwhuhvw udwh1 Ilqdoo|/ zh

frpsxwh wkh vdpsoh htxlydohqw ri wkh txdqwlw| lq htxdwlrq +47, e| dyhudjlqj wkh glvfrxqwhg sd|r�v1

Wklv Prqwh Fduor vfkhph uhtxluhv 683/333 vlpxodwhg vdpsoh sdwkv zlwk 633/333 iru wkh xqghuo|lqj

erqg dqg 83/333 iru wkh rswlrq1 Ri frxuvh/ dq| vdwlvidfwru| ohyho ri dffxudf| fdq eh dfklhyhg e|

dgmxvwlqj wkh qxpehu ri erqg sulfhv dqg wkh udqjh ri wkhlu fruuhvsrqglqj lqwhuhvw udwhv1 Vlqfh wkh

erqg sulfhv vwruhg lq phpru| duh lqghshqghqw ri wkh h{huflvh sulfh dqg pdwxulw| ri wkh rswlrq/ wkh|

fdq eh uhshdwhgo| xvhg iru rswlrqv zlwk gl�huhqw h{huflvh sulfhv dqg pdwxulwlhv/ d yhu| vxevwdqwldo

vdylqj lq frpsxwlqj wlph lqghhg1

Wzr dowhuqdwlyh erqg rswlrq sulflqj prghov 0 Mdpvklgldq +4<;<, dqg FLU +4<;8, 0 duh xvhg

wr frpsduh zlwk wkh JDUFK erqg rswlrq sulflqj prgho1 Vlqfh Mdpvklgldq*v prgho xvhv wkh

vshfl�fdwlrq ri Ydvlfhn +4<::, iru lqwhuhvw udwhv/ wkh sdudphwhu ydoxhv fdq eh wdnhq iurp wkh

suhfhglqj vxe0vhfwlrq1 Iru wkh FLU erqg rswlrq sulflqj prgho/ wkh sdudphwhu ydoxhv duh dovr

dydlodeoh iurp wkh suhfhglqj vxe0vhfwlrq1

Iru Iljxuhv 5d/ 5e dqg 5f/ zh dvvxph wkdw wkh idfh ydoxh ri wkh xqghuo|lqj wkuhh0prqwk Wuhdvxu|

eloo htxdov 41 Wkh idfh ydoxh wr h{huflvh sulfh udwlr +I@N, udqjhv iurp 4 wr 4181 Wkh pdwxulw| ri doo

rswlrqv lv �{hg dw 46 zhhnv1 Lqwhuhvwlqjo|/ Mdpvklgldq*v prgho lq doo fdvhv |lhogv d vwulfwo| srvlwlyh

rswlrq ydoxh zkhq I@N @ 41 Vlqfh wkh pdunhw ydoxh ri d }hur0frxsrq erqg fdqqrw h{fhhg lwv

idfh ydoxh/ wkh rswlrq sd|r� iru wkh fdvh wkdw I@N @ 4 pxvw eh }hur dozd|v1 Mdpvklgldq*v prgho

ylrodwhv wklv udwlrqdo rswlrq sulflqj erxqg gxh wr wkh dvvxpswlrq ri Jdxvvldq lqwhuhvw udwhv1 Lq

<



rwkhu zrugv/ wkh srvvlelolw| ri kdylqj qhjdwlyh lqwhuhvw udwhv ohdgv wr wkh rffxuuhqfh ri wkh vlwxdwlrq

lq zklfk wkh }hur0frxsrq erqg sulfh lv kljkhu wkdq lwv idfh ydoxh1 Wklv sureohp grhv qrw h{lvw iru

hlwkhu wkh FLU prgho ru wkh JDUFK0edvhg prgho ehfdxvh lqwhuhvw udwhv lq wkhvh wzr prghov duh

dozd|v srvlwlyh1

^Hqwhu Iljxuh 5d/ 5e dqg 5f khuh`

Lq Iljxuh 5d/ wkh rqh0zhhn lqwhuhvw udwh lv vhw htxdo wr lwv orqj0uxq dyhudjh1 Mdpvklgldq*v prgho

fohduo| |lhogv wkh kljkhvw rswlrq sulfhv xs wr vrph prqh|qhvv srvlwlrq1 Wklv djdlq lv gxh wr lwv
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Term Structure and Bond Option Pricing under GARCH                                                       J.C. Duan

Figure 1a. The GARCH yield curve is computed by assuming the one-week interest
rate equal to its long-run average, 6%.  The yield curves corresponding to Vasicek
(1977) and Cox, Ingersoll and Ross (1985) are the best possible curves fitted to the
GARCH yield curve.  All yields are annualized.
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Figure 1b. The yield curves corresponding to Vasicek (1977) and Cox, Ingersoll and
Ross (1985) are generated using the parameter values obtained from the fitting in
Figure 1a.  The one-week rate is set at half of its long-run average, i.e., 3%.  All yields
are annualized.
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Term Structure and Bond Option Pricing under GARCH                                                       J.C. Duan

Figure 1c. The yield curves corresponding to Vasicek (1977) and Cox, Ingersoll and
Ross (1985) are generated using the parameter values obtained from the fitting in
Figure 1a.  The one-week rate is set at twice of its long-run average, i.e., 12%.  All
yields are annualized.
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Figure 2a.  Options to buy the three-month Treasury bill under three models. The
maturity of the option is three months.  The one-week interest rate is set equal to its
long-run average, 6%.  F/X stands for the face value of the underlying Treasury bill
over the exercise price.  The option prices are stated as per dollar face value of the
underlying Treasury  bill.
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Term Structure and Bond Option Pricing under GARCH                                                       J.C. Duan

Figure 2b.  Options to buy the three-month Treasury bill under three models. The
maturity of the option is three months.  The one-week interest rate is set at half of its
long-run average, i.e., 3%.  F/X stands for the face value of the underlying Treasury
bill over the exercise price.  The option prices are stated as per dollar face value of the
underlying Treasury bill.
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Figure 2c.  Options to buy the three-month Treasury bill under three models. The
maturity of the option is three months.  The one-week interest rate is set at twice of its
long-run average, i.e., 12%.  F/X stands for the face value of the underlying Treasury
bill over the exercise price.  The option prices are stated as per dollar face value of the
underlying Treasury bill.
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